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Abstract. We prove that the existence of a positively defined, invariant 
Einstein metric m on a connected homogeneous space G/H of a compact 
Lie group G is the consequence of non-contractibility of some compact set 
C = Xq H (Bohm polyhedron) introduced by C.Bohm. There is a natural 
continuous map of C onto the flag complex Kb of a finite graph B. The 
special case of C = Kb, Kb non-contractible, is one of Bohm existence 
criteria, and the case of the graph B non-connected is a improved version of 
the Graph Theorem (C.Bohm, M.Wang, and W.Ziller) actual for any 3(g). 
Moreover, preparation theorems of C. Bohm on retractions are revisited and 
new constructions of some topologic spaces are suggested. 



AHHOTAIIHH. ,II,OKa3aHO, hto cymecTBOBaHne nojiojKHTejibHO onpe/rejieH- 
hoh HHBapnaHTHoli MeTpHKH 3HHHiTeiiHa m Ha cbh3hom o,a,Hopo,ziHOM npocT- 
paHCTBe G/H KOMnaKTHoii rpynnti JIh G cjie^yeT H3 HecTsrHBaeMOCTH BBe- 
fleHHoro K.BeMOM |Bo| TpnaHryjinpyeMoro KOMnaKTa C = C(G,H). BeM 
conocTaBHji KaxcflOMy G/H KOMnaKTti C h D (Xq h h A^ ff b ero 0603- 
HaueHHHx). CymecTByioT HenpepbiBHbie OTo6pa»ceHHH C n D Ha cbjiaroBbie 
KOMnjieKCbi Kb h Kp KOHeuHbix rpacboB B a T cooTBeTCTBeHHO. CoraacHO 
|Bo| . D = Kp h HecTJHHBaeMOCTB D BjieueT cymecTBOBaHHe m. AHajiornu- 
Haa TeopeMa rjih C flOKa3aHa TaM npn ycjioBHH, 3KBHBajieHTHOM C = Kb, 
ot KOToporo mbi ocBo6ojKflaeMCH. Tenepb HecBH3HOCTb rpacba B npHBO/iHT k 
cymecTBOBaHHio m, a 3to no3BOJiaeT nepecMOTpeTb y*ce flpyroft KpHTepnft, 
H3BecTHbiH KaK TeopeMa o rpacbe [BWZj. HMemro, B HBjiaeTCH noflrpacpoM 
toh uacTH Y rpacba BaHa-Lhrjijiepa, HecBH3HOCTb Koropoft, corjiacHO [BWZJ, 
BjieueT cymecTBOBaHHe m, ho BMecTe c TeM h nojiynpocTOTy rpynnbi G. LTo- 
CTpoeHa cepna npHMepoB, r,zre CHMnjiHiiHajibHbiH KOMnjiexc D CTHrHBaeM, 
rpacb T CBH3eH, C 7^ Kb h rpacb B HecBH3eH. TaKHM o6pa30M, ycnjieH Kpn- 
TepHH cymecTBOBaHHH BeMa, a TeopeMa o rpacbe nepeHeceHa (c H3MeHeHH- 
eM) Ha cjiyuaft 3(53) 7^ 0. KpoMe Toro, nepecMOTpeHbi ppe noflroTOBHTejibHbie 
TeopeMM o peTpaKHHsx H3 |Bo] h b cbh3h c sthm npefljioaceHbi HOBbie koh- 
CTpyKiiHH HeKOTopbix TonojiornuecKHX npocTpaHCTB . 



KAwneeue CAoea u <fipa,3u. OflHopoflHas MeTpnica BfiHinTeiiHa, Homogeneous Einstein 
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§ 1. BBEflEHHE. KPHTEPHH CyiHECTBOBAHHH BEMA H OBOBIHEHHE 

,U,aHHaH CTaTbH nocBHmeHa KpHTepnio cymecTBOBaHHH HHBapnaHTHbix 
MeTpiiK 3ftHniTeHHa g : ric(g) = Xg Ha KOMnaKTHOM o,a,Hopo,zrHOM MHoro- 
o6pa3HH. 

JX&jiee paccMaTpiiBaeTCH CBH3Hoe n-MepHoe o,a,Hopo,zrHoe npocTpaHCTBO 
G/H KOMnaKTHoft rpynnbi JIh G. Hepe3 "Mf o6o3HanaeTCH (,a,H(pcbeo- 
MopcpHoe R^, N < n ( w + 1 ) ) nojiHoe pHMaHOBo MHoroo6pa3He Bcex G-hh- 
BapnaHTHbix puMaHOBbix MeTpHK o6b.eMa 1 Ha G/H. HanoMHHM, hto MeTpn- 
kh 3HHHiTeHHa, npHHa/yiejKaiHHe , co-Bna,n;aioT c kphthhcckhmh tohkeimh 
rjia^Koit <pyHKH,HH g G "Mf i— >■ sc(g) G M (cKajiapHaa KpHBH3Ha MeTpHKH 5). 
KpoMe Toro, ecjin G/i? otjihhho ot Topa, Bee KpHTHHecKHe 3HaneHHH sc(g) 
CTporo nojiojKHTejibHbi. (Cm. TaKJKe §[2]) 

HecKOJibKO JieT TOMy Ha3afl K.BeM flOKa3aji, hto cymecTBOBaHHe HHBapn- 
aHTHbix nojioJKHTejibHO onpeflejieHHbix SHHUiTeftHOBbix MeTpHK Ha KOMnaKT- 

HOM CBH3HOM OflHOpOflHOM npOCTpaHCTBe G/H CJieflyeT H3 HeCTHrHBaeMOCTH 

nocTpoeHHoro hm KOMnaKTHoro nojinsflpa. 

Bo BBefleHHH mm hbho onHineM nojiH3/i,p BeMa, ccpopMyjiiipyeM KpHTepnft 
BeMa h ero o6o6meHHe. flpn 9Toro HaM noHa,n,o6HTCH cjie/ryioiHHe onpe,a,ejie- 
hhh. (pHKcnpyeM Ha rpyrme G 6HHHBapHaHTHyio pHMaHOBy MeTpHKy Q a 
o6o3HaHHM cHOBa nepe3 Q ee npoeKHHio Ha G/H. HopMHpyeM Q Tax, hto 
Q G M^*. 06o3HaHHM nepe3 § TonojiorHHecKoe npocTpaHCTBO reofle3HHecKHX 
jiynelt Ha M.f , Bbixo/riHHHx H3 tohkh Q; oho ecTecTBeHHo oTOJKflecTBjiaeTCH 

C eflHHHHHOH CCpepOH X B TqM^*, HO Mbl 6yj\eM nOJIb30BaTbCH H flpyrHMH 

MOflejiHMH. riycTb Sfc C S — no^MHOJKecTBO Jiyneft, nepeceKaiomirx ypoBHH 
sc(g) ^ k. 

BeM nocTpoHJi KOMnaKTHoe noflnpocTpaHCTBO Xg C S co cjie,nyioiHHMH 

CBOHCTBaMH : 

a) KajK^aa OKpecTHOCTb no/rnpocTpaHCTBa Xg co/;epjKHT Sfc pjw k ^> 0; 

b) Xg HBjiaeTCH OKpecTHOCTHbiM peTpaKTOM ccpepbi S; 

c) Xg CTHrHBaeTCH no ce6e Ha hbho onHcaHHbili HHace nojiira/rp ||3C||. 
riojiH3/;p 1 1 DC 1 1 C Xg yflOBjieTBopaeT cjieflyiomeMy ycjioBHio: d) fljia Kaac- 
ppro HHCJia t ^ h KajKfloro Jiyna r G ||3C|| BbinojiHHeTCH HepaBeHCTBO 
sc(r(t)) > ce*/ n > 0, rpp c — He 3aBHCHmaH ot r a t nocTOHHHaa, a 1 1— > r(t) 
— HaTypajibHaa napaMeTpH3anHH. 
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KpiiTepiiii BeMa mojkho BBiBecTH H3 (a)-(d) h BapnaiiHOHHOH TeopeMBi, 
nojiyneHHoli b [BWZ], c nc-MoiHBio HeKOToporo paccy*:,n,eHHH: cm. |Bo] h 
HHJKe, §[2] 

CBepx Toro, BeM ,n;oKa3aji Taxyio TeopeMy: e) nepeceneHHH ypoBHeit 
sc(g) > 2sc(Q) k&}kro& flocTaTOHHO flajieKoii ccpepoft {r(t) : r G §}, t ;§> 0, 
OTOJK/;ecTBJiHeMOH c S, 3aKJiK>HeHBi b Hanepe/; 3a,z;aHHOH OKpecTHOCTH Xg. 
OneBH^HO, 3Ta TeopeMa BjieneT a) 

OTMeTHM, hto TpeTte cbohctbo 6bijio /;oKa3aHO b |Bo] jihhib npn flfl- 
nojiHHTejibHBix orpaHHHeHHHx na oflHopoflHoe npocTpaHCTBo G/H. 

B btoh CTaTbe mbi ocbo6o,zi,hmch ot Bcex orpaHHHeHHii Ha G/H, ho fljia 
3Toro HaM npn^eTCH nojKepTBOBaTB ecTecTBeHHoft TpnaHryjiHiiHeH BeMa Ha 
||DC||, KOTopoft b o6meM cjiynae He cymecTByeT, h paccMaTpHBaTB ||DC|| npocTO 
KaK TpnaHryjinpyeMbiH KOMnaKT. KpoMe Toro, 6ya,eT npeflJioJKeHa HOBaa, 60- 
jiee npocTaa, KOHCTpyKHHH npocTpaHCTBa Xg co CBoftcTBaMH (a)-(c) h (e). 



B paccMOTpeHHOM BeMOM cjiynae nojinsflp ||DC|| yn;o6HO BBecTH ajire6pan- 
necKH, T.e. KaK CHMnjiHiiHajiBHyio cxeMy; ee BepuiHHaMH cjiyjKaT no,a,ajire6- 
pt>i ajire6pbi J1h g H3 HeKOToporo KOHeHHoro Ha6opa DC, a CHMnjieKcaMH - 
BceB03MOJKHBie cpjiarn ip no/i;ajire6p H3 3Toro Ha6opa. 

Hto6bi nojiyHHTb reoMeTpHHecKyio peajiH3aiiHio KOMnjieKca A (DC) cpJia- 
tob ip, mbi CHanajia BBe^eM Ha ajire6pe JIh g ^4(i(G)-HHBapHaHTHyK) eB- 
KjiHflOBy MeTpHKy h conocTaBHM KajKfloft noflajire6pe t G DC opTonpoeKTop 
X* = l g — 1{. TenepB Ka»c,n;oMy (pjiary ip G A (DC) mojkho conocTaBHTB npHMO- 
jiHHeltHBiH cHMnjieKC \\ip\\ — BBinyKjiyio o6ojioHKy Bcex x 1 f £ (p. 06o3HaHHM 
nepe3 1 1 DC 1 1 o6b.eflHHeHHe CHMnjieKCOB \\<p\\, p G A (DC). Tohkh A G ||DC|| hb- 

JIHIOTCH CHMMeTpHHeCKHMH OnepaTOpaMH C HeOTpHH,aTejIBHBIM cneKTpoM Ha 

g h jiejKaT Ha rnnepnoBepxHOCTH onepaTopoB c HanGojiBHiHM co6ctb6hhbim 
3HaneHHeM o,hhh 0. 

B KanecTBe KaH/pmaTOB BeM paccMaTpHBaji cjieflyiomHe ceMeitcTBa no- 
flajire6p DC : 



Bojiee no/xpo6HO, K.BeM BBeji BcnoMoraTejibHoe 'npocTpaHCTBo HeTopajibHbrx Ha- 
npaBjieHHii' X^ t 11 flOKaaan cymecTBOBaHHe CTporax fle<popMau,HOHHbix peTpaKHira Xe — > 
Xnt ~* 11^-11- flj 13 - 2 oh Hcnojib30Baji cneniiajibHyio TpHaHryjiauino r Ha nojiHSjxpe ||DC|| (b 
ochobhom cjiynae o6o3Ha x ieHHOM Hepe3 Xq/ h h HasBaHHOM 'HepBOM' |Bo[ §1]), h npe/jxio- 
jtojkhji, ecjiH a npaBHjibHO noHaji, hto 6e3 r mojkho o6ofiTHCb. 

3t& rnnepnoBepxHOCTb BnncaHa b eBKjiHflOBy ccpepy {A : d(A, ^1 B ) = |\/dim g}, Ha 
KOTopoii jie>KaT BepniHHbi KOMnjiexca, h mojkho tobophtb o CTepeorpa<pHHecKoii npoeKH,HH 
Ha rHnepnjiocKOCTb H3 nojiroca 0. Hhjkb b ochobhom TeKCTe CTaTbH Hcnojib3yeTca BTopaa 
npaMOJiHHeiiHaa MO^ejib, nojiyneHHaa H3 nepBoii MO^ejiH aHanorHHHoii CTepeorpatpHHec- 
Koii npoeKH,HeH. B Heii Ka>Kflbiii eBKjiHflOB TpeyrojibHHK ii > B2 > t'i, Bi £ hmggt npaMoii 
yroji b BepuiHHe (2- Bent nojrb3yeTca TpeTbeii, ccpepHHecKofi, MO^ejibio KOMnjiexca, r^e 
Ka>Kfloe pe6po CTporo MeHbnie neTBepTH 6ojibnioro Kpyra, Ha kotopom jiokht, h KajK^bifi 
siijiepoB TpeyrojibHHK ti > t-2 > is CHOBa HMeeT npaMoii yroji b BepniHHe (2- 
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1) : Bee Ad(-ff)-HHBapHaHTHbie no,na.Jire6pBi I C J, co6cTBeHHBie h co6- 
CTBeHHbiM o6pa30M co^epjKaniHe f), TaKHe, hto [£, t] ^ f) (HeTopajiB- 
Hbie f/-no,a,ajire6pBi b ero TepMHHOJiorHii) ; 

2) : noflajire6pbi, HaTHHyTBie Ha KOHeHHBie cyMMBi MunuMcuvbHux no- 
flajire6p 6, yflOBjieTBopaioHiHx ycjioBHio 1); 

3) h 4): onpe,n,ejiHioTCH Tax ace, KaK 1) h 2) cooTBeTCTBeHHO, ho ycjio- 

BHe ^4(i(i?)-HHBapHaHTHOCTH ^OnOJIHHeTCH HHBapHaHTHOCTBK) OTHO- 

CHTejiBHO npHcoeflHHeHHoro fleitcTBHH MaKCHMajiBHoro Topa T rpyn- 
nBi Normgo(i!f ). 

AHajiorHHHO mojkho paccMaTpHBaTB flpyrne ceMeitcTBa, b nacTHOCTH, 

1*): no/;ajire6pBi I BH^a 1), yzrpBjieTBopHiomHe ycjioBHio [ = [1,1] + [), 
KOTopBie 6yn;eM Ha3BiBaTB noHTH nojiynpocTBiMH. 

OTMeTHM, hto no,najire6pa, HaTHHyTaa Ha KaJK^yro napy noHTH nojiynpo- 
ctbix noflajire6p 1*), noHTH nojiynpocTa hjih = q, KajK^aa no,najire6pa 1) 
coflepjKHT noHTH nojiynpocTyro no,a,ajire6py h KaJK^aa no,a,ajire6pa 2) no- 
hth nojiynpocTa. B cnjiy |BWZ[ Prop. 4.2] ceMeftcTBO 1*) coctoht H3 ko- 
HeHHoro HHCjia op6nT cbh3hoh KOMnoHeHTBi e,a,HHHH,Bi KOMnaKTHolt rpynnBi 
NormG(i^). 

BeM flOKa3aji kohghhoctb Ha6opa 4). CeMeitcTBa no,najire6p 1) — 3) MoryT 

OKa3aTBCH H KOHeHHBIMH (b HaCTHOCTH, nyCTBIMn), H KOHTHHy ajIBHBIMH . 

KpHTepnfi BeMa (cm. |Bo| ). Ilycmb % — odun U3 na6opoe 1) — 4) uau 
1*). IIpednoAOMCUM, umo % KoneueH, a coomeemcmeymvu^aH cuMnAuv,uaAb- 
hclh cxeMa A(3C) HecmmueaeMa (nanpuMep, nycma). Tozda na G/H cyu^e- 
cmeyem noAOMewneAbHO onpedeAeHHan MempuKa duHiumeuHa, UHeapuaHm- 
nasi orrmocumeAbHO deucmeun zpynnu G u, e CAyuanx 3) u4), — maKwce 
omnocumeAbHO npaeoso deucmeun mopa T . 

Po,acTBeHHBiH KpHTepHH 6biji nojiyneH b pa6oTe K.BeMa-M.BaHa- 
B.LI,Hjijiepa [BWZ]. CorjiacHo |BWZ| . cyinecTBOBaHHe Taxnx MeTpHK 3hh- 
HiTeftHa cjie^yeT H3 HecBH3HOCTH HeKOToporo KOMnaKTHoro TonojiorHHecKoro 
npocTpaHCTBa Yy/Z C S, KOTopaa, b cbok> onepe/iB, cjie^yeT H3 HecBH3HOCTH 
HeKOToporo KOHeHHoro rpacpa T\yz («TeopeMa o rpacpe»|f3). 

B /;oKa3aTejiBCTBe KpHTepna b |Bo| bmccto Y\yz HcnojiB3yeTCH MeHBHiee 
TonojiorHHecKoe npocTpaHCTBO Xg, KOTopoe, KaK noKa3aHO TaM, CTflrHBa- 
eTca no ce6e Ha KOMnaKTHBift nojinaflp - KOHeHHBift CHMnjiHiiHajiBHBiH kom- 
njieKC BeMa, h, OKOHHaTejiBHO, cymecTBOBaHHe HHBapnaHTHBix SHHiHTeHHO- 
Bbix MeTpHK Ha G/H cjieflyeT H3 HecTsrrHBaeMOCTH 3Toro CHMnjiHiiHajiBHoro 



«Graph Theorem*. 'This theorem can be viewed as another step towards a general 
understanding of the existence and non-existence of homogeneous Einstein metrics, and 
was suggested by the last two authors 15 years ago.' |BWZ| 
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lim sc(r(£)) 

t— S-+CO 



KOMnjieKca|fj. 3aMeTHM, hto b cjiynaax 3) h 4) MHoroo6pa3He MeTpHK 3 a- 
MeHaeTCH Bnojrae reofle3HHecKHM no,a,MHoroo6pa3HeM T-HHBapiiaHTHbix MeT- 
pHK (M.f) T h b onpeflejieHHe bhochtch coc-TBeTCTByioiHHe H3MeHeHHH. 

Opfio tojibko nocTpoeHHe Xs b [Bo, §5.6], eni,e flo npoBepKH cbohctb (a) 
h (c), BKjHonaeT HHflyKTHBHoe onpe^ejieHHe h HecKOJibKO CTpaHHH, noflro- 
tobkh. Oho npeflCTaBjiaeTCH rpoM03/i,KHM b cpaBHeHHH c KOHCTpyKHHeft npo- 
cTpaHCTBa Ywz B |BWZ[ §3]; nocjie^Hee coctoht H3 KOMnoHeHT jiHHeftHoft 
cbh3hocth 66jiBinero npocTpaHCTBa, onncaHHoro flajiee c He3HaHHTejibHbiMH 
otjihhhhmh ot opnrHHajia (cm. 3aMenaHHe 14 . 3 j) ■ 

B 3toh CTaTte npefljiojKeHa flpyraa KOHCTpyKHHH Xg. Oho 3aKJiioHeHO 
MeJK,a;y TeMH >Ke caMbiMH, hto h b [BoJ, 3aMKHyTbiMH nojiyajire6paHHec- 
khmh noflMHOHcecTBaMH X^ t h ccbepbi § ~ £ (nHor^a X^t = Xg = W^, 
HanpHMep, npn rank(G) = rank(H)). 

IloBefleHHe CKajiapHoft kphbiohbi Ha 6ecKOHeHHOCTH mojkho 6yn;eT orm- 
cbiBaTb npejKHHMH cpopMyjiaMH BeMa, r,a,e ||3C|| C Xs C C £ ~ §: 

^+oo, r G ||3C||, 
< 0, r£W E \ X £ , 
-oo, r S S \ If s . 

B HOBOH KOHCTpyKITHH IipOCTpaHCTBa Xs HCnOJIB3yeTCH TaKJKe OflHH KOM- 

naKT ||T||, pojib KOToporo He 6biJia 3aMeneHa b |Bo| . 06o3HaHHM nepe3 7 
ceMeiicTBO mopaAbHux i/-no,n,ajire6p t, KOTopoe onpeflejiaeTCH TaK JKe, KaK 
ceMeiicTBO 1) c 3aMeHoft ycjiOBHH [t, {] <£_ f) Ha [t, £] C f). KajK/;aH TopajiBHaa 
noflajire6pa pacm,enjiHeTCH b npHMyio cyMMy no,a,ajire6pBi f) a HeHyjieBoii 
a6ejieBoii noflajire6pbi. 3aMeTHM, hto MHoacecTBO T, Boo6iu;e roBopa, kohth- 
HyajiBHO. Ilo aHajiorHH c ||3C|| onpeflejiHM no^MHOJKecTBO CHMMeTpunecKHX 
jiHHeiiHbix onepaTopoB ||T[|. Oho HBjiaeTca KOMnaKTHHM nojiyajire6paHHec- 
khm noflMHOJKecTBOM eBKjiHflOBa npocTpaHCTBa qI(q), HMeromHM c 1 1 DC 1 1 ny- 
CToe nepeceneHne, ||3C|| Pi [|T|| = 0. 

Cjieflyiomrie TeopeMbi hbjihiotch hobbimh. 

TeopeMa A. Cymficmeyem KOMnaKmnoe nodnpocmpaHcmeo Xg C co 
ceoucmeaMU (a), (b), eKAadueaeMoe e dotcouH J = \\7\\ * X^ t maK, umo 
ecmecmeeHHoe cmmueanue dono/meHusi J\\\7\\ na emopoil coMHOMCumeAb 
undyv l upyem cmposyw decpopMai^uoHHym pempaKyum Xs na X^ t . 

Ho nocTpoeHHio, Xg 6yn,eT nojiyajire6paHHecKHM MHoacecTBOM (KaK a b 
|Bo] ) . OTCiofla cjiepyen (b). B cootb6tctbhh c |Bo[ TeopeMa 5.52, TeopeMa 



Q OaKTHMecKH 3Ta TeopeMa nonyMeHa TaM b paajiHHHtix Bepcnax c pasjiHHHBiMH rpa- 

HHU,aMH npilMeHHMOCTH. OflHa H3 HIIX npHMeHHMa K npOH3BOJIBHOMy KOMnaKTHOMy Ofl- 
HOpOflHOMy IipOCTpaHCTBy G/H H G-HHBapiiaHTHBIM MeTpHKaM , IIHBapnaHTHBIM TaKJKe 

OTHOCHTejiBHO npaBoro fleitcTBus MaKCHMajiBHoro Topa rpynnBi Norm G o (H°). ITpH stom 
orpaHHieHHH Ha mctphkh KOMiuieKC BeMa KOHeneH (oh 3aBHCHT ot npocTpaHCTBa MeT- 
Phk), a npn ero OT6pacBiBaHHH koh6hhoctb KOMnjieKca CTaHOBHTca orpaHHneHHeM Ha 
G/H. Ilo noBOfly npHjrojKeHHii cm. TaK»ce Bo-Kel fGLP] , 
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5.54], cbohctbo (a) BbinojiHfleTCH, ecjin (*) W \ Xg noKptrro jjnyMH ilor- 
MHoacecTBaMH, onpe/xejieHHbiMH b |Bo[ cjieflCTBHe 5.49] cpopMyjiaMH (5.50) 
h (5.51). IloBTOMy HHJKe BMecTO CBoftcTBa (a) mm npoBepHM 3to reoMeTpn- 
necKoe ycjioBHe |3, KOTopoe 3anHHieM cpa3y b ya,o6HOH fljis Hac cpopMe. 

TeopeMa [A] cjie/jyeT H3 npe/iJioJKeHHH 16.21 n 16. 3| HHJKe (cjie/xeTBHe 16. 4p . 

IlocTpoeHHbiH hjih jik)6oh npyroft n.a. KOMnaKT, jie^Kamnn Ha W^, 
CTHrHBaeMbiii no ce6e Ha X^ t h yapBjieTBopHioiHHH ycjiOBHio (*), Ha30BeM 
noflxoflau;HM pacniHpeHHeM npocTpaHCTBa HeTopajibHbix HanpaBjiemiH X^ t , 

HTO He npOTHBOpeHHT TepMHHOJIOrHH BeMa. 

BeM flOKa3aji, hto X^ t CTarHBaeTca no ce6e Ha [|3C[|, r/xe % — ceMencTBo 

1) hjih 2), b npe/j,nojio>KeHHH, hto % KOHeHHO. B naHHon CTaTte aHajio- 
rHHHoe yTBep?K/j,eHHe (npnMeHHMoe ko MHornM ceMeftcTBaM) /j,OKa3aHO pjia 

KOMnaKTHBIX JC H ||3C||. 

ElycTb /j,jiH onpe/j,ejieHHOCTH % — ceMencTBo noJiajire6p BH/ia 1), 1*) hjih 

2) . npe/j,nojiojKHM, hto o6b>eflHHeHne [|3C[| cHMnjieKcoB \\<p\\, (f £ A(3C), hb- 
jiaeTCH KOMnaKTHBiM noflMHO»cecTBOM eBKjiH/j,oBa npocTpaHCTBa gl(g). Hpn 
3tom BbinojiHHeTca: 

TeopeMa B. IIpocmpaHcmeo \\%\\ c ynacAedoeaHHou U3 gl(g) mono/iozueu, 
ecAU oho KOMnanmHO, neAnemcn cmpozuM decfiopjuai^uoHHUM pempaKinoM 
npocmpaHcme X^ u X\ = X^ t . 

OTMeTHM, HTO B o6lH,eM CJiyHae KOMnaKTHOCTB ||3C|| SKBHBajieHTHa KOM- 

naKTHocTH % ~ {^4 G ||3C|| : d(A, |l g ) = ^-^/dimg}. (3/o;ecb d(u,v) — eBKjm- 
hobo paccTOHHne Ha £[[(g).) 

TeopeMa IBl cjiejveT H3 TeopeMBi l6.6| Hnace, c yneTOM c/j;ejiaHHoro 3aMena- 
hhh h TeopeMbi cym;ecTBOBaHHH lAl 

Mojkho /j,OKa3aTb, hto ceMeftcTBa % bhhob 1), 1*), 2) KOMnaKTHbi, n k hhm 
npnMeHHMa TeopeMa iBl HanpnMep, b cjiynae 1*) KOMnaKTHOCTB cjie/jyeT H3 
KOHeHHOCTH cpaKTopa DC/ NoruiQ^H) . Ilo toh »ce npnHHHe ceMencTBo 2) 

COCTOHT H3 CBH3HBIX KOMnOHeHT CeMellCTBa 1*) H, CJieflOBaTejIBHO, KOMnaKT- 

ho. (Elpn hojihchom onpe/j,ejieHHH Xg n X^ t TeopeMa [B] npnycicaeT TaitHce 
o6o6m,eHne Ha cjiynan ceMeitcTBa % BH/j;a 3) , KOMnaKTHOCTB KOToporo jierxo 
cjie/jyeT H3 KOMnaKTHOCTH 1), n MHornx /jpyrnx ceMeftcTB no/iajire6p.) 

B cjiynae 2) HMeeTCH roMeoMopcpH3M [|3C[| Ha TonojiornnecKoe npocTpaH- 
ctbo Xq, h H3 |Bo| (Ha3BaHHoe 'HepBOM'). KaK hcho H3 onpe/j;ejieHHH, 'HepB' 
ycTpoeH /j,ocTaTOHHo xopomo. BeM Ha3biBaeT ero nojiyajire6paHHecKHM mho- 
roo6pa3HeM. B [Bo, §1] 6e3 npKa3aTejibCTBa yTBepncnaeTCH, hto 'HepB' kom- 
naKTeH, a mm sto ynce o6cya,Hjin. Torna no TeopeMe [B] BepHO HMeiomeeca 
TaM npe/j,nojiojKeHne (npKa3aHHoe b |Bo] tojibko ,zi,jih KOHeHHoro %), hto b 
o6meM cjiynae Xq, h HBjiaeTCH CTporHM /a;ecpopMaii;HOHHbiM peTpaKTOM npo- 
cTpaHCTBa X^t- 



^ K.BeM flOKasan, ito npn stom ycjiobhh fljia; Ka>K,z;oit 5-OKpecTHOCTH Us KOMnaKTa 
Xe b S HaiifleTca hhcjio to(5) > Taxoe, hto sc(r(t)) ^ 2sc(Q) fljia Bcex t > to(S) h Bcex 
reS\U s . 



Tenepb n b KpnTepnn BeMa, h b ero ,n,OKa3aTejibCTBe (cm. [Bo, Th. 1.4, Th. 

8.1]) MOJKHO 3aMeHHTb HeCTHrHBaeMOCTb KOHeHHOH CHMnJIHI^HEUIBHOft cxeMbi 

A(3C) HecTHrHBaeMocTbio KOMnaKTa ||3C|| C 0l(fl). 3to bo3mojkho b cnjiy Teo 
peM [A] h E] h He Tpe6yeT nepepa6oTKH BToro ,zrpKa3aTejibCTBa (cpaKTHnecKH 
ocHOBaHHoro Ha CBoftcTBax (a)-(d)). 

TaKHM o6pa30M, nepexcflH ot KOHenHoro % k KOMnaKTHOMy % h oGb-efln- 
hhh TeopeMbi [A] h [B] c 3aKJiK>HHTejiBHtiM paccyjKfleHHeM BeMa, nojiynaeM 
cjieflyionryio TeopeMy: 

TeopeMa C. Et/m ||3C|| C qI(q) — HecmmueaeMuu KOMnaKm, na mhozo- 
o6pa,3uu G/H cymecmeyem uneapuanmHan noJiowcumeJibHO onpedejieHHan 
MempuKa duHmmeuna. 

Xopoino H3BecTHO, hto TaKHX MeTpHK BOBce He cymecTByeT, eCJIH KOMnaK- 
THoe o/;Hopo/;Hoe MHoroo6pa3He G/H otjihhho ot Topa h HMeeT 6ecKOHen- 
Hyio (pyHflaMeHTajibHyio rpynny. B 3tom cjiynae f) < [q, q] + f) < g, T.e. cyrn,e- 
CTByeT HanGojibuiaH no,ziajire6pa t BH,na 1*), a Tor^a h Han6ojibriiaH noflaji- 
re6pa t = t max BH,na 2). H3 onpe/jejieHHH cpa3y cjie^yeT, hto ||3C|| ~ -^g/h 
CTarHBaeTCH no ce6e b Tonicy ^* max (tohho KaK b ,a,OKa3aTejibCTBe |Bo[ Prop. 

7.5]), H npOTHBOpeHHH He B03HHKaeT. 

HnjKe b §[2] mm nocTpoHM cepnio oflHopoflHbix npocTpaHCTB G/H, Ha ko- 
Topbix no TeopeMe[C]cymecTByioT HHBapnaHTHBie MeTpHKH 3nHHiTeHHa, xo- 
th hh KpnTepnn cym,ecTBOBaHHH BeMa, hh TeopeMa o rpacpe He no3BOJiHioT 
yTBepjK,n;aTb Hnnero. ,U,jih 3Toro mbi BbiBefleM H3 TeopeMbi [C] HOByio Bepcnio 
TeopeMbi o rpacpe. 

ElycTb L — ceMeiicTBO Bcex nonTH nojiynpocTbix no/;ajire6p BH^a 1*) n 
£mm ^- £ _ n0(II c eMei j CTB0 noflajire6p BH,na 2). 06o3HannM nepe3 [I] op6nTy 
KajKflon no/i,ajire6pbi [ G L OTHOCHTejibHO Normc(if) . 06o3HanHM nepe3 
B\VZ rpacp c BepuiHHaMH [[], [ G £, h pe6paMH ([t], [I]), r,zre t < [. HycTb Bjy^ 
- noflrpacp 3Toro rpacpa, HH/ryiiHpoBaHHbiH Ha no/iMHOJKecTBe BepniHH [t], 
t G £ min Tor^a 

C Bv^z C TVz- 

3th Tpn rpacpa KOHenHbi. Cym,ecTByioT HenpepbiBHbie ciopTjeKTHBHbie oto6- 
pajKeHHH KOMnaKTOB [|0C|| = ||£|| n ||£ min || Ha cpJiaroBbie KOMnjieKCbi rpacpoB 
^$WZ h ^wz cooTBeTCTBeHHO. Ilo3TOMy H3 TeopeMbi ICl BbiTexaeT: 

CjieflCTBHe (BapnaHT TeopeMbi o rpacpe). CymecmeoeaHue uneapu- 
arnnHou 9UHUimeuHoeou Mempunu na G/H CAedyem U3 necemnocmu zpaaia 
B\vz uau zpaaia B^z- 

B cnjiy TeopeMbi O HecTHrnBaeMOCTb [|£|| hjih ||£ mm || npHBOflHT k cyme- 
cTBOBaHHio HHBapHaHTHbix MeTpHK SitHHiTeHHa cpa3y Ha G/H n G/H, r^e 
G = G/Z — cpaKTop G no KaKon-HnGyab 3aMKHyToft CBH3Hoii KOMMyTaTHB- 
Hoft HopMajibHoft noflrpynne, H = H/H n Z. IlycTb, HanpnMep, 

G/H = (G 1 /H 1 x ... x G p /H p )/Z, 
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rflfi G\/Hi — o/;HOCBH3Hoe o/;Hopo/;Hoe npocTpaHCTBO 3ftHHiTeftHa c HecBH3- 
hmmh rpacpaMH V>wz H B^™, a KajKflbift coMHOJKHTejib Gi/Hi c i > 1 npe/i,- 
CTaBjiaeT co6oft rjiaBHoe paccjioeHHe OKpyaoiocTeft Hafl HenpiiBOflHMBiM ap- 
mhtobbim CHMMeTpHHecKHM npocTpaHCTBOM h HMeeT ecTecTBeHHyio reoMeT- 
pnio CacaKH-3HHHiTeftHa c nojmoft rpynnoft H30MeTpnft Gj. Tor,a,a h& G/H 
cymecTByeT HHBapnaHTHaa MeTpnita 3ftHHiTeftHa (cm. §[2|). 

TeopeMbi |A] [B] h [C] He HcnepnbiBaioT coflepjKaHHH ,a,aHHoft CTaTbn; Kpo- 
Me Toro, ohh (popMyjinpoBaHbi fljia nacTHbix cjiynaeB. IlepBaH H3 hhx npo- 
HCHHeT pa6oTy |Bo| . BTopaa, rpy6o roBopa, yTBepjK^aeT cnpaBe,a,jiHBOCTb 
oflHoft H3 ee rnnoTe3, a TpeTbH cjie,a,yeT H3 flByx nepBbix h co,n;ep}KHT HeKO- 
Topoe o6o6meHHe KpHTepna. ^onojiHHTejibHbiM pe3yjibTaTOM CTaTBii hbjih- 
eTCH npocTaa KOHCTpyKHHH Xg. KpoMe Toro, b Heft nepecMOTpeHbi noflro- 
TOBHTejibHbie TeopeMbi BeMa 5.48 h 6.10 o peTpaKHiiax noflnpocTpaHCTB 
TonojiorHHecKoro npocTpaHCTBa W^. 

nojiyneHbi TaKJKe rpy6bie "3CKH3Hbie" Bepcnn 3thx TeopeM, b KOTopbix 
h 3aMeHHK)TCH 66jibniHMii npocTpaHCTBaMH . nojiyneHHa rpy- 

6bix Bepcnft 3aMeHHK)TCH niapaMH 3Be3flHbie nojiyajire6paHHecKHe mhojkb- 

CTBa, B03HHKaK>IHHe B KOHCTpyKITHHX BeMa. Tpy6aH 3CKH3HaH BepcHH W s 

OTjiHHaeTca ot ero rpy6oft Bepcnn H3 [B WZ] (cm. HHxee, 3aMenaHHe I4.3[) . b 
nacTHOCTH, He 3aBHCHT ot napaMeTpoB. Jlnsi ,a;oKa3aTejibCTBa KpHTepna Be- 
Ma h TeopeMbi O flocTaTOHHO Hcnojib30BaTb rpy6yio 3CKH3Hyio Bepcnio X^ 

(c HyjKHblMH CBOftCTBaMH (a)-(c)). 

HaHHHaa c §|5] 6epyTCH 3a ocHOBy sjieMeHTapHbie CTHrHBaeMbie no/;npo- 
CTpaHCTBa, Ha3BaHHbie TaM '6a6oHKaMH'. nepeceneHHe 6a6oneK CHOBa hbjih- 
eTca 6a6oHKoft; /yia nepeceneHHa HaftfleHa OKOHHaTejibHaa cpopMyjia (15. 2ft . 
ocHOBHbie nacTHbie cjiynan KOTopoft cpaKTHHecKH 6mjih nojiyneHbi BeMOM: 

B[ipi] n B[<^2] = B[(/?i<^2], r^e B[ip] — 6a6oHKa, OTHecemiaH KaJKflOMy cpjiary 

no/;ajire6p (p, a (cpx, 922) i— >■ (f = tpnp2 — KOMMyTaTHBHoe acconnaTHBHoe 

HfleMnoTeHTHoe yMHOJKeHHe cpjiaroB. 
HanpHMep, 6a6oHKaMH, OTHeceHHbiMH cpjiaraM BH,a;a <p = (q > fi > . . . > f r ) 
o6t.hbji5iiotc5i reoMeTpHHecKHe CHMnjieKCbi \\fi > . . . > f r ||, h b cjiynae nepe- 
ceneHHH TaKHX CHMnjieKCOB ipnp% = l Pi^ i P2- IloHHTHe 6a6oHKH nojiyneHO npn 
aHajiH3e /;oKa3aTejibCTBa TeopeMbi b |Bo| §6.2]. B rpy6oft 3CKH3Hoft Bepcnn 
Bee 6a6oHKH roMeoMopcpHbi ruapaM. 

B §[2]/;oKa3aHbi TeopeMa ICl h cjieflyiomHe yTBepjKfleHHH. 

B §[3] bbo^htch yn;o6HaH ^jih Hac Mo^ejib ccpepbi S. B §|4]/;aioTCH ochob- 
Hbie onpeflejieHHH. B § §|5H6l nocjie cpopMyjibi nepeceneHHsi 6a6oneK, flOKa- 
3aHbi TeopeMbi o peTpaKii,HHX. KajK/i,aH TeopeMa o^HHaKOBO (popMyjinpyeTCH 
fljia rpy6oft h tohkoii Bepcnft (Bepcnn pa3JiHHaioTCH tojibko onpeflejieHHH- 
mh 6a6oHeK), h b cpopMyjinpoBKe Hcnojib3yeTCH BepxHHH nojiypeuieTKa % 
no,n,ajire6p ajire6pbi J1h q, ya,OBjieTBopHioiii,aH AOBO^i-HO o6ih,hm ycjioBHHM. 
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B §§ 16.21 16731 TeopeMbi o peTpaKiinax npHMeHHioTCH, b HacTHOCTH, k nony- 
penieTKaM % bh/;ob l)-4). 3/;ecB flaeTCH OKOHHaTejibHoe onpeflejieHiie npo 
CTpaHCTBa Xg c oueHKOH napaMeTpa e, h flejiaeTCH bbibo/;, hto oho ynp- 
BjieTBopaeT ycjioBHHM |Bo[ cpopMyjinpoBKH 5.48, 5.49], T.e. HBjiaeTCH no,a,- 
xo^amHM pacuinpeHiieM npocTpaHCTBa HeTopajibHbix HanpaBjieHHit. Cflejia- 
ho /;o6aBJieHHe o KOMnaKTHOCTH ceMeftcTB TopajibHbix h HeTopajibHbix H- 
noflajire6p. 

§ 2. ,U,OKA3ATEJIbCTBO TEOPEMbI C. BAPHAHT TEOPEMbI O TPAOE 

3tot pa3fleji npuMBiKaeT k BBe/reHHio h He Hcnojib3yeTCH b ocTajiBHoli 
nacTH CTaTbH. B HeM flOKa3aHBi TeopeMaOn ee cjieflCTBHH, a TaKJKe paccMO- 

TpeHBI ynOMHHaBHIHeCH npHMepBI OflHOpO/IHblX npOCTpaHCTB SftHHITeHHa. 

CoxpaHHioTCH o6o3HaneHHH §1. B nacTHOCTH, Q G Jdf - HopMajibHaa pn- 
MaHOBa MeTpHKa h&G/H, accoiiHHpoBaHHas c Ad(G)-HHBapHaHTHoli eBKjiH- 
AflBoa MeTpHKofi Ha g, £ — eflHHHHHaa ccpepa b KacaTejibHOM npocTpaHCTBe 
k "Mf h S ~ £ — npocTpaHCTBo reofle3HHecKHx jiyneft Ha , Bbixo/iHiiiHx 

H3 Q. OTMeTHM, HTO Sc(Q) > 0, CKajIHpHaH KpHBH3Ha MeTpHKH Q nOJIOJKH- 

TejibHa, ecjiH G/H otjihhho ot Topa. Bciofly n = &\m(G/H). 

2.1. ,Z^OKa3aTejii>CTBO KpHTepna. OcHOBHaa TeopeMa [Bpj BbiBe/reHa TaM 
no cymecTBy H3 ccpopMyjinpoBaHHBix bo BBe/reHHH cbohctb (a)-(d). Teope- 
mv ICl MoacHo nojiyHHTb tohho Tax jKe. 

Flo TeopeMaM [A] h [B] CBoftcTBaMH (a)-(c) o6jiaflaeT KOMnaKTHoe nojiyaji- 
re6paHHecKoe MHoacecTBo Xs, KOTopoe 6ya;eT nocTpoeHo no3JKe (cm. Teope- 
mv I6.1I h flajiee, cpopMyjiy (|6.ip ). 

HanoMHHM HepaBeHCTBO (d): 

JleMMa 2.1. 06o3hclhum uepe3 % onpedeAennoe eo eeedenuu ceMeucmeo 1) 
ecex Hemopa/ibHux H-nodajise6p aAze6pu JIu q, u uepe3 - coomee- 

mcmeywu^uu KOMnanm, ecmecmeeHHO eKAadueaeMuil e npocmpancmeo S 
zeode3mecKUX Jiyueu, euxodnwxix U3 Q. Tozda 

d) 3ah KdMcdozo uuc/ia t ) a naMcdozo Ayua r £ eunoAHRemcn 
HepaeeHcmeo sc(r(t)) > ce*/™ > 0, zde c — ne saeucnu^an om rut 
nocmonnnan, a t \— > r(t) — namypaAbnan napaMempu3au,un. 

JleMMa jierKO cjie/ryeT H3 flpyroft oiieHKH fljia CKajiapHoii KpHBH3Hbi b 
KOHire /;oKa3aTejibCTBa [Boi Prop. 5.6]. Cm. 3aMenaHHe 12.51 HHJKe. 

Tenept fljin ,npKa3aTejibCTBa TeopeMBi O mojkho orpaHHHHTbca o,hhocbh3- 
hbim cjiynaeM h nepeftTH ot KOHeHHoro % k KOMnaKTHOMy % b cpHHajibHOM 
paccyjKfleHHH BeMa: 

TeopeMa 2.2. Ilycmb G/H - KOMnaKmnoe cesi3Hoe odnocesi3Hoe u3ompon- 
ho npueoduMoe odnopodnoe puMauoeo npocmpancmeo, % - ceMeucmeo nod- 
aAze6p ajize6pu JIu q euda 1), 1*) uau 2), u nycmt \\%\\ - coomeemcm- 
eyww^uu KOMnanm. Ecau \\%\\ necmmueaeM, na G/H cyu^ecmeyem 6ec- 
KOHennafi nocAedoeameAbnocmb gi G M^, i = 1,2,... uneapuanmnux 
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puMcmoeux MempuK o6zeMa 1 co c%a,AHpHUMU Kpueu3HaMU sc(gi), ozpanu- 
ueHHUMu ceepxy u cnu3y noAoatcumeAWUMU nocmonuHUMu, ydoeAemeo- 
psimw^an ycAoeum (IlaAe-CMeuAa) \iic°(gi)\ gi — > 0. Tozda G/H donycmem 
UHeapuaHmHyw noAOMCumeAmo onpedeAeHHym MempuKy 9uHmmeuHa. 

Oco6bie cjiynan = h Xe = S He Tpe6yioT OT/xejibHoro /j,OKa3a- 
TejibCTBa, ho mm hx noTOM 3aHOBO o6cya,HM b cjie/jyiomeM nyHKTe. C hhx 
ecTecTBeHHO HanHHaeTCH hctophh TeopeMbi 12.21 (b 1986 ro/xy hx cpaKTHnecKH 
paccMaTpHBajiH M.BaH h B.D,Hjuiep). KajK/jbiii H3 hhx npHMO hjih KOCBeHHO 

CBH3aH C HBJieHHeM H30TponHOH HenpHBO/IHMOCTH. 

,IJoKa3ameAbcmeo. Cjie/iyioiHee paccyjK/xeHHe b ochobhom npHHa/yiejKHT 
K.BeMy. [^|. /IpcTaTOHHo /j,oKa3aTb nepBoe yTBepjK/xeHHe TeopeMbi. Torjj,a no 
ochobhoh TeopeMe H3 |BWZ] nocjieflOBaTejibHocTb gi HMeeT b npe/xejib- 
Hyio TOHKy — MeTpHKy SitHHiTeftHa . 

BHanajie HanoMHHM ocHOBHbie cpaKTbi. MHoroo6pa3iie MeTpHK ca- 
mo no ce6e HBjraeTCH HeKOMnaKTHbiM pnMaHOBbiM CHMMeTpnnecKHM npocT- 
paHCTBOM. Oho HMeeT KOHenHyio nojio>KHTejibHyio pa3MepHOCTb, nocKOjib- 

Ky G/H H30TponHO npHBO/IHMO. E[oflMHOJKeCTBO 3HHHITeHHOBbIX MeTpHK 

E(G,H) C coBnaflaeT c mhojk6ctbom K = {g : V sc(g) = 0} kphth- 
necKHx ToneK (pyHKHHH sc(g) (TeopeMa rHJib6epTa-HeHceHa |Jen2j ). rpa/iH- 
eHT V sc b KaJKfloit Tonxe g G ecTecTBeHHO OTOJK/xecTBjraeTCH co B3HToii 
c o6paTHMM 3HaKOM 6eccjie/;oBOH nacTbio TeH3opa Phhhh MeTpHKH g : 

(Vsc) s = S -^lg-Tic(g), VgeMf. 

B jieBoit nacTH 3Toro paBeHCTBa ctoht KacaTejibHbift BeKTop k M.f, a b npa- 
boh — TeH3opHoe nojie Ha pHMaHOBOM MHoroo6pa3HH (G/H,g). PnMaHOBa 
MeTpHKa (•, •) Ha "Mf onpeflejiaeTCH Tax, hto fljia KaJK/xoro g KBa/jpaT Hop- 
mm BeKTopa b JieBoft nacTH OTHOCHTejibHO (-,-) g coBna/iaeT c KBa/jpaTOM 
HopMbi nojia Ha (G/H,g), CToamero b npaBoft nacTH (T.e. nojia — ric°(g)), 
BbiHHCjieHHbiM b TOHKe eH h b jiio6oh /jpyroft TOHKe x € G/H, a Tor^a h c 
KBa/jpaTOM L 2 -HopMbi SToro nojia. 

BbiBe/xeM TeopeMy H3 cbohctb (a)-(d). B cnjiy (b) no/xnpocTpaHCTBO X^ 
HBJiaeTCH peTpaKTOM OKpecTHOCTH U C §. B oco6bix cjiynaax Xg = hjih 



®' J^ajiee bojibho H3jiaraeTCH nepBaa iacTB flOKa3aTejiBCTBa TeopeMBi [Bol Th. 8.1], ko- 
Topaa MoaceT cjiy>KHTB h flOKaaaTejiBCTBOM TeopeMBi [Bol Th. 1.4], ecjm 3aM€HHTb orpa- 
HHneHHe n(h) = f) Ha HopMajiH3aTop no,n,ajire6pBi f) 6ojiee o6ih,hm ycnoBneM KOHenHOCTii 
%. (Mbi OT6pacBiBaeM o6a sth orpaHiineHHa.) TaM Hepe3 X^ nt ('paciimpeHHoe npocTpaH- 
ctbo HeTopajiBHBix HanpaBjieHiiii') o6o3Ha i ieHO npocTpaHCTBO, aHajiorHHHoe Xe, a iepe3 
Xq/ h ('HepB') — o6pa3 ||DC|| b E b cjiynae ceMeiiCTBa 2). 
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§ 9TO 3HaHHT, HTO U = Xg. OnpeflejIHM TpH nOflMHOJKeCTBa B paBeH- 
CTBaMH 

C = {r(t) :r € U, t > to}, t > 0, 

B = {r(T ) : r G ||3C||}, T > t , 

M = {g G Mf : 50(5) > A;}, fe 3?> 0. 

B cnjiy (a) h (d), cymecTByioT fciTo Taxne, hto C D M D B. <DHKcnpyeM 
Taxne nncjia to, To h k. 5Icho, hto B roMeoMopcpeH ||JC||. Ho ycjioBnio Teo 
peMbi, B — HecTarHBaeMbift KOMnaKT. Tor,n;a b cnjiy (c) B He crariiBaeM no 
UHjiHHflpy C, a 3HaHHT, h no MHOJKecTBy M. BBe^eM b paccMOTpeHne KOHyc 
A Hafl B c BepniHHon Q : 

A = {r(t) : r G ||X||, < t < T }. 

Hcnojib3ya (d), Ha stot pa3, npn He6ojibHiHX 3HaneHHHX t, Haxo,a,HM, hto 
sc(g) > fljia Bcex g G A. B oco6om cjiynae, ecjin Xg = 0, nojiojKHM 
A := {Q} n 3aMeTHM, hto sc(Q) > 0. IlycTb HeKOTopoe HenpepbiBHoe oto6- 
pajKeHne : M.f — > "Mf HecTporo y Be jihhhb aeT CKajiapHyio KpnBH3Hy h 
cyjKeHHe <3?|m roMOTonHO id.M- Tor^a 

C *(M) C M, £ M. 

(B npoTHBHOM cjiynae, npn $>(A) C M, noflMHOJKecTBO £? CTHrnBajiocb 6bi 
no M b TOHKy $(Q), hto HeB03MOJKHO.) BeM onpenejiaeT nojiyrpynny Taxnx 
OTo6pa>KeHHH <£ n , u ^ 0, iyje $0 = id. OHa nopojKnaeTCH nojiHbiM BeKTop- 
hbim nojieM £ Ha JAf : 

JleMMa 2.3 ([Bo]). Ha Mf cymecmeyem sjiadnoe (nojmoe) eenmopHoe none 
£ c nenodeuMCHUM MHOMcecmeoM K = {g : Vsc(g) = 0}, yeejiuuueawu^ee 
CKaAnpnym npueu3Hy sc(g) u nponopv ) uoHOJVbHoe ee zpaduenmy, ydoejiemeo- 
pnwu^ee Hepaeencmey ||£ g |L 1 na eceM npocmpancmee MempuK u ypaene- 
Huto \\tig\\g = 1 Ha donoAHenuu Henomopozo mapa. 

(B cjiynae K = 0, KOToptift Tpe6yeTCH hckjiiohhtb, jieMMe yflOBjieTBopaeT, 
oneBHflHO, £ = ||vsc || ^ sc ' ^ J15i AQKasaTejibCTBa TeopeMbi 3Toro npcTaTOHHO.) 
CymecTByeT 6ecKOHeHHaH nocjieflOBaTejitHocTt MeTpnK Pj G A, j = 1, 2, . . . 
Taxaa, hto &j(Pj) £ M, T.e. sc(<&j(-P,-)) ^ k. Oh& HMeeT b A npeflejibHyro 
TOHKy go G A, yflOBjieTBoparomyro HepaBeHCTBy ko := sc(go) > 0, h6o A kom- 
naKTeH n Ha BceM A CKajiapHaa KpnBH3Ha CTporo nojiojKHTejibHa. UposepfiM 
nepe3 go HHTerpajibHyio KpnByro g u = $ u (9o)i u ^ 0. Tor/;a, oneBHflHO, 

k ^ sc(g u ) = lim sc($ u (P jm )) ^ k > 0, Vu > 

(T.e. Hama KpnBaa He BxoflHT b M) h cxoahtch HHTerpaji Jo°°(^ ' sc )(5'«) du ^ 
fc - A; 0; me • sc)(sr M ) = ^sc(g u ) = ||C ffu || 9 „ l|(Vsc) 5 „|| fltt . OKOHnaTejibHo, 
Hama HHTerpajibHaa KpHBaa coflepjKHT nocjieflOBaTejibHOCTb MeTpnK (Wj), 
i = 1, 2, . . ., u(z) > i, yflOBjieTBopnK)m,yio TeopeMe, h 3aMbiKaHne btoh Kpn- 
Boii coflepjKHT MeTpnKy 3nHniTenHa. □ 

3aMeuaHUe 2.4. JleMMa [2l3\ cjieaver H3 komii£ikthocth K, flOKa3aHHoii b |BWZ| . 
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3aMeuaHue 2.5. I4cnojib3ya /j,OKa3aTejibCTBO [Bo, Prop. 5.6] (r/j;e ynoTpe6- 
jifleTCH o6o3HaHeHne j v (t) flJifl r(t)), mojkho flOKa3aTb cymecTBOBaHne nojio- 

JKHTejIbHOH nOCTOHHHOH C TaKOH, HTO 

sc(7«(t)) > ce'/V™^- 1 ) > 0, Vt^O, VrG||X|| (n = dim G/F). 
fljia 3Toro 3aniinieM nojiyneHHoe TaM KpaciiBoe HepaBeHCTBO fljia CKajrapHoft 

KpHBH3HBI B BH/J,e: 

p+1 

sc(7„(t)) ^ J^( s ^) ~ sft-i))e- to % f) = to < h < . . . < tp+i = 0, 
1=1 

iyie Vi h s(tj) — B03pacTaioiiiHe HiicjioBbie nocjieflOBaTejibHOCTH: 

%<...< = s(J)) < s(*i) < . . . < s(fl) = sc(Q), 

v\ < , -1 , , 1 < v v+ \ h sc(Q) = sc(G/H,Q) > — cKajiapHaa 

y/n(n-l) ^n(n-l) 

KpHBH3Ha HOpMajIBHOH OflHOpOflHOH MeTpiiKH Ha G/H. J^JISi KpilBH3HbI s(fl) 

HMeeTCH HBHoe BbipajKeHne BaHa-D,Hjuiepa nepe3 (popMbi KnjijiHHra h 
B s h KBaflpaTHHHbift sjieMeHT Ka3HMiipa C = G^q G Z(U(t))); cm. |WZ-85| 
Prop. 1.9] hjih |AB[ cpopMyjia (7.89b)], cp. |WZ2[ jieMMa 1.5] hjih [Bol jieu- 
Ma 4.16]. OcTajibHbie HjieHbi nocjieflOBaTejibHOCTii s(lj) mojkho 3anncaTb b 
BHfle s(tj) = sc(Ki/H,Q) a 3a,naTb aHajioriiHHbiMH cpopMyjiaMH. Boo6m;e, 
fljia jik>6oh noflajire6pbi t BH,na 1) mojkho onpe/j,ejiHTb CKajiapHyio KpiiBH3- 
Hy s(£) > no/jxo,ziHniero o/j,Hopo,iTHoro npocTpaHCTBa K/H : 

s(t) = sc(tf/#, Q) = i (trQ (.£?[,) - tr Q (B t ) + tr(G|m t )) 

(c /jpyroii ctopohm, cyTb ppjia b tom, hto sto CKajiapHaa KpiiBH3Ha n-Mep- 
hoh acHMnTOTHHecKoft oflHopo^Hoii priMaHOBoii reoMeTpnn) . 3/J,ecb 1U( C t 
- Q-opToroHajibHoe flonojmeHHe no,najire6pbi f), t = P) + m{. cPyHKHHH s(£) 
npHHHMaeT KOHeHHO hhcjio 3HaHeHHii 9l < <^2 < • • • , a Ha MHoroo6pa3HH 
no,najire6p BH/j;a 1*) hjih 2) ynoBjieTBopaeT ycjioBHio s(fii) < s^) n P H 
{?i < {?2- IlocTOHHHyio c mojkho onpejj,ejiHTb KaK HaHMeHbiuee 3HaneHHe ?i 

<pyHKH,HH s(t). 

2.2. HacTHbie cjiynan = h = S. 06cyn,HM 3KCTpeMajibHbie cjiy- 
nan b TeopeMe 12.21 HaHHeM c npocToro cjiynaa Xg = S. C yneTOM o/j,hocbh3- 
hocth G/H 3to ycjioBHe 3KBHBajieHTHo Ka>KflOMy H3 cjie/jyioiHHx: = §; 
KajKjj,oe ff-HHBapnaHTHoe noflnpocTpaHCTBO b g/f) cooTBeTCTByeT no/j,ajire6- 
pe H3 ceMeftcTBa % (nosTOMy TopajibHbie if-no/j,ajire6pbi OTcyTCTByioT) ; c 
TOHHOCTbio /j,o KOHeHHbix rpynn, G/H pa3jiaraeTCH b npHMoe npoH3Be/j,eHHe 

OJJ,HOCBH3HbIX H30TponHO HenpHBO/J,HMbIX OflHOpOflHblX IipOCTpaHCTB (hCHO, 

hto npe/j,CTaBJieHHe H30TponHH HMeeT npocToft cneKTp); KajKfloe H-mma,- 
pnaHTHoe no,nnpocTpaHCTBO b g/l) cooTBeTCTByeT ff-HHBapnaHTHoii no/j,aji- 
re6pe ajire6pbi Jin g; cpyHKHHH CKajiapHoft KpHBH3Hbi sc(g), g G , orpa- 
HHHeHa CHH3y nojioJKHTejibHOH nocToaHHoli (coraacHO CBoftcTBy (d)). Ecjih 



11 



BbinojiHHeTCH o/;ho H3 3thx ycjioBHH, to cpyHKHHH sc(g) Ha M.f flOCTHra- 
eT rjio6ajibHoro MHHHMyMa, KOTopbift HBjiaeTCH (oneBHflHO, eflHHCTBeHHoft) 
HHBapnaHTHoit MeTpiiKoft 3HHniTefiHa. Cp. [WZ2, TeopeMa 2.1]. 

IlycTB Tenept Xg = 0. 3to ycjioBHe SKBHBajieHTHO KajK^OMy H3 cjie- 
/ryiomnx: ||3C|| = 0; % = 0; BCHKaa iiZ-UHBapnaHTHaH no,n,ajire6pa, 3aK- 
jnoHeHHaa CTporo MejKfly Qui), HBjiaeTCH TopajibHoii (T.e. pa3jiaraeTCH b 
npHMyio cyMMy no/;ajire6pbi f) h a6ejieBoii no/;ajire6pbi) ; cpyHKHHH CKajiap- 
hoh KpiiBH3HBi sc(g), g € , orpaHHHeHa CBepxy (coraacHO CBoiicTBy (a), 
- nocjieflHaa 3KBHBajieHTHOCTb nojiyneHa b |Bo] ). M.BaHOM h B.U,HjijiepoM 
b cnynae cbh3hbix G h H h K.BeMOM b o6meM cjrynae |WZ21 TeopeMbi 2.2 h 
2.4], |Bo[ TeopeMbi 1.2 h 5.22] flOKa3aHo, hto cpyHKHHH sc(g) Ha M.f aocth- 
raeT rjio6ajibHoro MaKCHMyMa, KOTopbift sBjiseTcs MeTpHKoft SltHHiTeHHa. 

2.3. IIpHJiojKeHHe KpHTepHa. ^oxajKeM Bepcnio TeopeMbi o rpacpe, 
ccpopMyjinpoBaHHyio nocjie TeopeMbi [C] JJjis 3Toro paccMOTpHM ceMelicTBa 
L Bcex noHTH nojiynpocTbix no/i,ajire6p bkr& 1*) h noflceMeiicTBO £ min C £ 
noflajire6p BH^a 2). 06o3HaHHM nepe3 [I] op6nTy KajK^oft no,a,ajire6pbi [ G £ 
OTHOCHTejibHO NoicmG(H) . 06o3HaHHM nepe3 B\yz rpacp c BepniHHaMH [I], 
I € £, h pe6paMH ([I], [[]), r,a,e t < [. IlycTb Bjy™ — no^rpacp btoto rpacpa, 
HH/;yii;HpoBaHHbiH Ha noflMHOJKecTBe BepuiHH [t], f G £ min . Tor^a 

^wz c ^>wz C TVz- 
3flecb Y^yz — T a nacTb rpacpa BaHa-l],Hjijiepa, HecBH3HOCTb KOTopoft, co- 

TJiaCHO [BWZJ, npHBOflHT K CyiHeCTBOBaHHK) HHBapHaHTHOft SHHHITeHHOBOH 
MeTpHKH Ha G/H. 

Hcnojib3ya cbohctbo KOHeHHOCTH £/ NormQ(H) h £ min / Normc(ff) , 
Haxo^HM: 

JleMMa 2.6. Cymecmeymm nenpepuenue ctop&eKmueHue omo6pa,MceHusi 
KOMnaKmoe ||3C|| = ||£|| u ||£ mm || na (fijiazoeue KOMruiencu zpatfioe 
r = Bwz u ^wz coomeemcmeeHHO. 

OTMeTHM, hto h ||£ min || roMOTonHHecKH BKBHBajieHTHbi no Teope- 
M e[Bl 

J\ 0Ka3 ame Jit> cme o. BepuiHHbi [fij], i = 1, . . . , r KajK/ipro nojiHoro no/;rpacpa 
S C r mojkho ynopaflOHHTb Tax, hto, 6e3 noTepn o6ihhocth, dirndl ) > . . . > 
dim(£ r ). Hcnojib3yH cbohctbo koh6hhocth, Haxo/uiM no HH/ryKHHH, hto cy- 
mecTByioT no,n,ajire6pbi fj G [Bj], o6pa3yioHi,He cpjiar (p = (fi > ... > f r ). 
OnpeflejiHM OTo6pajKeHHe CHMnjieKca \\(p\\ Ha CHMnjieKC |S| cpopMyjioit 

Q<p(Ya=1 ^iX^) = 12i=lMfi\l r fl e ~ 6 apHI^eHTpHHeCKHe KOOpflHHaTbl. 

OTo6pa>KeHHe MHOJKecTB q = U^eA(OC) • 11^-11 — ^ l-^r| KoppeKTHO onpe- 
flejieHO. PaccMOTpHM npoo6pa3 Z = (7 _1 (|S|) KajK^oro CHMnjieKca |S| kom- 
njieKca |i^r|. 06o3HaHHM nepe3 Y C [t±] x . . . x [t r ] MHoroo6pa3ne cpjiaroB h 
3aMeTHM, hto ecTecTBeHHyio npoeKii;Hio Y x |S| Ha |S| mojkho nponycTHTb 
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nepe3 HenpepbiBHoe OTo6paaceHHe Y x |E| Ha Z h cyjKeHHe q\Z. Cjieflo- 
BaTejibHO, KajKfloe Z KOMnaKTHO n cyaceHne q Ha Z HenpeptiBHO, a hhcjio 
TaKHX no^MHOJKecTB Z KOHeHHO. IloBTOMy q HenpeptiBHO. □ 

H3 jieMMbi h TeopeMBi ICl BBiTexaeT: 

CjieflCTBHe 2.7. Ecau mk>6ou U3 zpagjoe ^$wz UJIU ^wz l necen3eH, naG/H 
cyinecmeyem UHeapuaHmnasi MempuKa 9uHmmeuHa. 

Ho Ha6jirofleHHK) |BWZ| Prop. 4.9], ecjin G/H HMeeT KOHenHyio (pyHfla- 
MeHTajibHyro rpynny h dim(3(g)) ^ 1, to rpacp Ywz coflepjKHT He 6ojiee 

OflHOH CBH3HOH KOMnOHeHTBI. Torfla KpHTepHH, OCHOBaHHBIH Ha HeCBH3HO- 

cth rpacpa T\yz, Hnnero He flaeT, no KpaftHeft Mepe, npn T\yz 7^ 0, HO 
fleftcTByeT KpHTepHH, OCHOBaHHBIH Ha HecBH3HOCTH ero noflrpacpoB. 

C flpyroft cTopoHbi, KaK 3aMeneHo b [Bo, Corollary 7.6], ecjni Bee no,naji- 
re6pbi t < Q BHfla 4) co/repscaTca b o^hoh h toh >Ke co6cTBeHHOH no,a,ajire6pe, 
to cooTBeTCTByiomaH CHMnjiniinajiBHaH cxeMa A (DC) CTsrrHBaeMa. 

IIojIB3yHCB flByMH 3THMH npH3HaKaMH, MOJKHO nOCTpOHTB OflHOpOflHBie 

npocTpaHCTBa G/H c HecBH3HBiM rpacpoM B^ 1 ^, o KOToptix opHrHHajibHbie 
KpHTepHH |BWZ] h |Bo] HHHero He no3BOJiHK)T yTBepjKflaTb, a npeflbLnymee 
cjieflCTBHe yTBepjKflaeT cymecTBOBaHHH HHBapnaHTHbix MeTpHK SltHHiTeHHa. 

IIpHMep 2.8 (13.07.2011). IlycTb G = Un — rpynna yHHTapHbix npeo6- 
pa30BaHHit npocTpaHCTBa V = C N = \J P C 3 , N = ( p ^ 2 ); Un-i — cTa- 
6njiH3aTop BeKTopa v = ® p e% G V; R : U3 —> G — p-si CHMMeTpnne- 
CKasi CTeneHb ochobhoto npe,a,CTaBjieHHH rpynnti U3, p > 1; K = R(U^) 
h H = K n f7jv_ 1 — HeTbipexMepHaa noflrpynna; Tax hto G/H — KOMnaKT- 
Hoe oflHopo^Hoe npocTpaHCTBO pa3MepHOCTH > 31. 3aMeTHM, hto t) < t < Q 
h t = U3 = f) + SU3 oflHOBpeMeHHO HBjiaeTCH MaKCHMajibHoft noflajire6poH 
h MHHHMajibHoft HeTopajibHoft i?-no,najire6poH. IloaTOMy [£] 6ya;eT H30Jinpo- 
BaHHoli (jierxo BH,a,eTB, hto He e/rnHCTBeHHoft) BepniHHon rpacpa B^ 1 ^; stot 
rpacp HecBH3eH h no npe,a,Bi,nyiiieMy cjreflCTBHio Ha G/H cymecTByeT HHBa- 
pnaHTHaH MeTpHKa 3nHruTenHa. — IIonBiTaeMCH Tenept BocnojiB30BaTBca 
KpnTepHHMH [B WZ] h |Bo] , OneBHflHO, V pacmenjiaeTCH Ha nonapHO He3K- 
BHBajieHTHBie HenpHBOflHMBie H-Mopyjm Vk, dime Vk = k + 1, k = 0, . . . ,p. 
OTCiofla n,eHTpajiH3aTop H b G 6yzreT TopoM T p+ , h [fi] — ero p-MepHoii 
op6HTon Ad(T p+1 )t. IloBTOMy ceMeftcTBO no,najire6p 2) 6ecKOHenHO h Kpn- 
Tepnit BeMa HMeeT cmbicjt cpopMyjinpoBaTb ^jih ceMeiicTBa 4). Pa3jraraa Q 
no npe^cTaBjreHHHM Topa T p+1 , jrerKO /;oKa3aTb, hto KajK^aa no/;ajrre6pa 
BHfla 4) co/repjKHTCH b Uat_i Tor^a nojinsflp BeMa CTarHBaeM no ccpopMy- 
jinpoBaHHOMy Bbinie npn3HaKy |Bo| Corollary 7.6] (cBepx Toro, npn p = 2 
oh coctoht H3 eflHHCTBeHHoii tohkh [f) +su(Vi)]). JJpjiee, dim($(g)) = 1 H 
Tor,aa rpacp BaHa-U,njrjrepa CBH3eH no npn3HaKy [BWZ, Prop. 4.9]. 3HannT, 
b paccMOTpeHHOM cjiynae KpnTepnn |BWZ] n |Bo| HeflocTaTonHbi. 



^ IlpH nocTpoeHHH npHMepa a OTTajiKHBajica ot [BWZI Example 6.3]. Cp. TaioKe 
[Bo-Kel §3]. 
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IlycTi. Tenept Z C G — 3aMKHyTaa CBH3HaH KOMMyTaTHBHaa HopMajib- 
Haa noflrpynna, G = G/Z h H = H/H D Z. Jlerxo y6e,a,HTbC5i, hto npn 
nepexofle ot G, H k G, H KOMnaKTM \\L\\ h ||£ min || coxpaHHioTca, ecjra cpyH- 
flaMeHTajibHaa rpynna %\{G/H) KOHeHHa. 

H3 TeopeMbi ICl BbiTexaeT: 

CjieflCTBHe 2.9. HecmmueaeMocmb \\L\\ iuiu ||£ mm || npueodum re cyv^ecm- 
eoeaHuw uHeapuaumHux MempuK 9uHiumev,Ha cpa3y na G/H u G/H . 

B KanecTBe BajKHoro npuMepa paccMOTpHM cpaKTopnpocTpaHCTBO 

G/H = (Gx/Hi x ... x G p /H p )/Z, 

rfle p^2n KajK^oe Gi/Hi — o/i,HOCBH3Hoe oflHopoflHoe npocTpaHCTBO 3hh- 
niTeftHa. IIpH i = 1 HajiojKHM ycjioBue -f^dl^™ 1 "!!) 7^ 0, r,a,e H q 03Hana- 
eT q-10 rpynny CHHrynapHbix roMOJiornft, npHBe,a,eHHbix no Mo^yjiio tohkh. 
IlycTb Gi/Hi, fljia KajKfloro i > 1, 6ya,eT rjiaBHbiM paccjioemieM OKpyjK- 

HOCTeft Hafl HenpHBOflHMBIM 3pMHTOBBIM CHMMeTpHHeCKHM IipOCTpaHCTBOM , 

CHa6jKeHHBiM ecTecTBeHHoft reoMeTpneft CacaKH-3HHHiTeHHa c nojiHoft rpyn- 
noli H30MeTpHlt Gi. HMeeM ||£ mm || = H^™ 111 !! *S P ~ 2 (cm. cjieflyiomee 3aMena- 
HHe). OTCiofla i? g (||£ mm ||) = if^-p^dl^™ 111 !!) /yis KajK^oro q (cm., Hanpn- 
Mep: A.T. CPoMeHKo, ,11,. B. cDyxc, Kypc roMOToniiHecKoft Tonojiornii, M.:1989, 
§13, TeopeMa 2). IloBTOMy G/H 6ya,eT oflHopoflHbiM npocTpaHCTBOM 3hh- 
niTeftHa. 

Mojkho nocTpoiiTB aHajiorHHHbie npiiMepti, 3aMeHHB spmhtobbi ciiMMe- 
TpiiHecKHe npocTpaHCTBa o,n;Hopo,n;HbiMH npocTpaHCTBaMH K3jiepa-3liHni- 
TeftHa. HMeioTca roMeoMopcpH3Mbi 

||£|| = ||£i|| * • • • * ||£p|| * S p 2 

h TaKofi xce fljia ||£ mm ||. Tor,a,a = ii*(||£ mm ||) mojkho Bbipa3HTb 

nepe3 npuBefleHHbie roMOJiornii coMHOJKHTejieft, Bocnojib30BaBHiHCb xopoino 
H3BecTHBiM o6o6meHHeM cpopMyjibi KioHHeTa Ha ajkohhbi. 

3aMeuaHue 2.10. UycTbG/H = G\/H\ x . . . xG p /H p — ^eKapTOBo npoH3Be- 
fleioie p 2 HeTpHBiiajibHbix oflHopoflHbix npocTpaHCTB (G = G\ x . . . x G p , 
H = H\ x ... x Hp, Hi Gi). Tor^a npn ycjioBHH \ir\{G / H)\ < 00 bbi- 

nOJIHHeTCH 

||£|| D ||£i|| * ••• * \\L P \\ *S P ~ 2 (2.1) 

(r,a,e S k — sto k-Mepnaa ccpepa h * — pjkoPlk TonojiornHecKiix npocTpaHCTB) . 
KpoMe Toro, ecjin Qi + f) G £ min , i = 1, . . . ,p, to 

||£ mhl || D ||£f n || * • • • * \\Lf n \\ * 5 P " 2 . (2.2) 

BKJIIOHeHHH (12. IP H (12. 2 P MOJKHO 3aMeHHTb rOMeOMOp<pH3MaMH , eCJIH KaJKflaH 

noHTH nojiynpocTaa noflajire6pa t £ L paBHa cyMMe cbohx npoeKLi,HH Ha Qi. 
HanpHMep, \\L\\ = ||£ min || = S p ~ 2 ^jih G/H = (SUi/T 1 ^. 
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Pl-lC. 1. K /;oKa3aTejibCTBy (|2,3p . p = 2 

CxeMa noaCHaeT TpiiaHryjiaii,iiio HaflCTpoiiKH J*S° flacoiiHa J flByx ynopa- 
flOMCHHbix CHMnjieKCOB pa3MepHOCTeii 3 h 2. JKnpHaa jiOMaHaa, jiecTHima, 
3aflaeT oahh H3 MaKCiiManbHbix ciiMiuieKCOB TpHaHryjiau,HH. 



3aMeuaHue 2.11. 3th CBoficTBa aHajiornHHbi cjieflyiomeft TeopeMe H3 [BoJ, 
OTHOCHmeftca K ceMeiicTBaM DC, %i noflajire6p BH^a 4) (HanoMHHM, hto TaKiie 
ceMeiicTBa KOHeHHbi): 

||3C|| « HDCill *•••* ||3C P || *S P ~ 2 . (2.3) 

3fleCb ~ MOJKHO KOppeKTHO IIOHHMaTb KaK rOMeOMOp(pH3M, eCJIH Bee 

HecTHrHBaeMM, a b o6ia;eM cjiynae — KaK roMOTorraHecKyio 3KBHBajieHTHocTb 
0. OTMeTHM, hto npH Qi + i) ^ "X nojiH3,n,pbi ||3Q || h [|3C[| cTHriiBaeMbi. Ha- 
npHMep, npii #5Ci = #'X-2 = 1 ; p = 2. nojiHBflpbi ||3C|| h ||9Ci|| * H^H 
roMeoMopcpHbi oTpe3KaM, a ||3Cl|| * H^Call * S° — HaflCTpoftKe Ha,n; oTpe3KOM, 
T.e. KBaflpaTy. 3tot cjiynaft B03MO>KeH. fljm KajK^oro H3 nepeHHCJieHHbix hh- 
>Ke 11-MepHbix oflHopo^Hbix npocTpaHCTB 3iiHinTeHHa, otkpbitbix M.BaHOM, 
BbinojiHHeTCH j^X = = 1 : 

SU(3) x SU(3)/ASU(2)(U(1) x 17(1)), 
Sp(2) x Sp(2)/ASU(2)(S P (l) x Sp(l)), 
S?7(3) x Sp{2)/ASU(2){U(l) x 5p(l)). 

IlpHMep scpcpeKTHBHoro Hcnojib30BaHHH TeopeMbi (12. 3ft HMeeTca Ha nocjie/i;- 
Heft CTpaHHii,e b [Bo-Ke] . Ee ,n;oKa3aTejibCTBO mojkho noacHHTb piicyHKOM 1. 



^' B opHrHHajibHoii (popMyjinpoBKe (|2.3|) — npocTO roMeoMop<pii3M. B floicasaTejibCTBe 
fljia p — 2 TaM ynoMaHyTbi Bee nponym,eHHbie cjiynan, a HMeHHO, ajkohh J = ||9Ci || * ||3C2 1 

flByX CHMnjIHU,HajIbHbIX KOMIIJ16KCOB II KOHyCbl Eclfl J. 
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§ 3. CorjTALUEHHE O BblBOPE MO^EJTH 

Mm nepexoflHM k nocjieflOBaTejibHOMy H3JiojKeHHio. Hepe3 G mm o6o3HanaeM 
KOMnaKTHyio rpynny JIh, nepe3 H - ee KOMnaKTHyio no/rrpynny, He coflep- 
jKamyio cbh3hmx HopMajitHMX flejiHTejieft. fljisi 3a/i,aHHOH ^4ff(G)-HHBapH- 
aHTHoft eBKjiHflOBoft MeTpiiKH Q Ha ajire6pe JIh g o6o3HaHHM CHOBa nepe3 Q 
accoHHHpoBaHHyio pHMaHOBy MeTpHKy Ha G/H. Ycjiobhmch, hto Q £ M.f. 

MHOJKecTBO S reofle3HHecKHX jiyneft Ha JAf , bbixo/jhihhx H3 Q, mbi 6ya,eM 
paccMaTpHBaTB KaK TonojiorHHecKyio ccpepy h onpe,a,ejiHM ppe MOflejiH btoh 
ccpepBi: 

1- h MO,a,ejib: e/rHHHHHaa ccpepa £ eBKjra,a,OBa npocTpaHCTBa Ad (H)- 
HHBapnaHTHBix GHMMeTpHHecKHx onepaTopoB co cjie^oM Ha g/f); 

2- h MO,a,ejib: rpaHHHa S = S[f)] oflHopo/yroro ruapa D*[fj], cocToamero 
H3 Bcex nojicoKHTejiBHO onpeflejieHHBix Ad ( H ) - hhb apnaHTHBix chm- 
MeTpHHecKHX onepaTopoB co cjie/jOM 1 Ha g/f). 

B |BWZ[ IBo] Hcnojib3yeTCH nepBaa MOflejib, a mm pjin ynpomeHHH 3anHceit 

6ya,eM nOJIB30BaTbCH BTOpOH. 3TO npHBOflHT K HenOXOJKHM OnHCaHHHM OflHHX 

h Tex >Ke no/;npocTpaHCTB (W^ h flpyrnx) ccpepBi S h /rpyrHM BHeuiHHM 

OTJIHHHHM. IIOHCHHM, HTO nepBaH, HCXOflHaH, MOflejIB flJIH S CTpOHTCH eCTeCT- 

BeHHBiM o6pa30M, a BTopaa CBH3aHa c Heio roMeoMopcpH3MOM h : S — > E. Bot 
cpopMyjiM flJ iH h h h" 1 : v = HA) = ^jfgg-; , A = h"» = 1(1^ -jfa), 

ryje X(v) — HaHMeHBHiee co6cTBeHHoe 3HaneHHe 6eccjie,a,oBoro onepaTopa v, 
X(v) < 0, a n = dim(G/ff). 

OTCio/;a cpa3y bh,h,ho, HanpHMep, hto KajK/nsiH 'cTpaT Be M a' W^{i) C S 
h ero 3aMBiKaHHe X s (t) coflepjKaTCH b otkpbitoh nojiyccpepe, hto He 6bijio 
3aMeneHO b [BoJ. Onpe^ejieHHe X s (C) npHBefleHO b cjieflyiomeM pa3,a,ejie. 

^ajiee o pa3JiHHHH Meacfly MOflejiHMH 1 h 2 o6hhho He ynoMH- 
HaeTca. 

§ 4. OnPEflEJIEHHH 

IIpocTpaHCTBO cpHJibTpyiomHx jiHHeHHwx onepaTopoB Ha ajire6pe 

JIh g. B pa6oTe K.BeMa 06 oflHopoflHBix sHHuiTeftHOBBix MeTpnitax |Bo| /i;o- 
Ka3aHO cymecTBOBaHHe CTpornx ^ecpopMainioHHBix peTpaKiniii BH,n,a C —> B, 
rpp C - KOMnaKTHoe no,anpocTpaHCTBO TonojiorHHecKoft ccpepti S h B C C - 

CHMnJIHHHajIBHBIH KOMnjieKC. 3TOT KOMnJieKC MOJKHO nOCTpOHTB, HCXOflH H3 

HeKOToporo Ha6opa no,a,ajire6p f D f) ajire6pBi JIh g. BepuiHHBi KOMnjieKca 
B cyTB jiHHeftHBie onepaTopBi ^ := dim(g/f) (^fl ~~ ^f) ( CM ' HHJKe )- CnMnjieKCM 
KOMnjieKca S cyTb npHMOjiHHeHHbie CHMnjieKCBi 

/<p/ = Convex hull {x" , i = 1, ...,r}, 



IIoflajire6pbi f, HcnojiB3yeMBie b (pHHajiBHBix KOHCTpyKn,Hax Beivia, cooTBeTCTByiOT 
3aMKHyTBiM noflrpynnaM KOMnaKTHoii rpynnBi JTh G c ajire6poii Jim g h yflOBJieTBoparoT 
pafly flpyrnx ycjrOBHii. 
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r/i,e ip = (fi > . . . > f r ) — y6biBaiom,HH cpjiar no^ajire6p fj, > fi > f). Bee 
npocTpaHCTBO C D B (c tohhoctbio ,n,o roMeoMopcpH3Ma h : S — > S) jiejKHT 
b nepeceneHHH ccpepbi S n KOMnaKTa 3-h k onpe,a,ejieHHio KOToporo mbi npn- 
CTynaeM. ^jih SToro HaM noHaflo6nTCH noHHTHe cpnjibTpyioinero jiHHenHoro 
onepaTopa Ha q. 

cDnKcnpyeM eBKjiHflOBo cKajiapHoe npoH3Be/i,eHHe Q : q x q — > M Ha 
KOMnaKTHoft ajire6pe J1h q, ya,OBjieTBop5nornee TOJKflecTBy Q([X,Y], Z) = 
Q(X, [Y, Z]). JlnHeHHbiH onepaTop A : g — > g Ha3biBaeTCH CHMMeTpnnecKHM, 
ecjiH Q(AX, Y) = Q(X, AY). Cbh^kbm c A ceMeftcTBo BeKTopHBix no,anpo- 

CTpaHCTB F a , HHfleKCHpOBaHHOe JIK>6bIMH HHCJiaMH a£l 

F a = span{X G g : 3 r ^ a, AX = rX} 
Tor^a F a C F b npn a ^ b. Mbi 6ya;eM Ha3BiBaTB cpmibTpyiom,HM Ka>K,TbiH 

CHMMeTpHHeCKHH OnepaTOp A, flJIH KOTOpOrO (-Fa)aeM HBJIHeTCH (pHJIBTpa- 

inien ajire6pBi J1h g, T.e. bbihojihhiotch SKBHBajieHTHBie ycjiOBHH: 

1) [F a , F b ] C F a+b , fljia jiio6bix o,fe£l, 

2) fljia KajKflBix X, Y G g cymecTByeT npe^eji lim e* A [e _L4 X, e~ tA Y], 

t — > + oo 

3) HepaBeHCTBa |C^| 2 (A^ — Aj — Xj) ^ fljia co6ctb6hhbix nnceji Aj 
onepaTopa ^4 h cTpyKTypHBix KOHCTaHT ajire6pBi J1h g othocht6jibho 
co6cTBeHHoro 6a3Hca. 

HanpHMep, KajKflon noflajire6pe t C g mojkho conocTaBHTB cpHjibrpyio- 

ih,hh onepaTop 3a/;aHHBiH cpopMyjion 

BeTCTByeT cjie/ryioineH (pHjiKrpanHH (i ? a ) a eR : 

F a = npn a < 0, « npn < a < ^j^, npn < a. 

OTMeTHM, hto flJiH BCHKoro cpnjibTpyioinero onepaTopa A 
F D kev(A) D [F ,F ], [A, ad(F )] = 0. 

06o3HaHHM nepe3 3+ TonojiornnecKoe npocTpaHCTBO Bcex (pHjibTpyiomnx 
HeoTpHU,aTejibHbix CHMMeTpnnecKnx onepaTopoB A co cjie^,OM 1 Ha 0. To- 
r^a x { e £+. 

OcHOBHaa JieMMa 4.1. ymeepwcdaemcsi, nmo 3+ — KOMnaKmuoe noAy- 
aA8e6pau%ecKoe MHomcecmeo. 

JJoKasamejibcmeo. 3anHineM fljia 3+ CHCTeMy nojiHHOMHajibHbix Hepa- 
BeHCTB. ConocTaBHM KajK^OMy onepaTopy A G 3+ nenonKy wi = 
—A.c, . . . Vi + i = — A.Vi, i = 1, 2, . . . BeKTopoB npocTpaHCTBa <g) A 2 g* : 

c = [-, •], Wi = -A.c = [A; •] + [-, A-} - A[; ■],.... 

Tor^a —A HH/ryinipyeT Ha V = spanj^j, z = 1,2,...} CHMMeTpHHecKHH one- 
paTop c npocTbiM CTporo nojioJKHTejibHbiM cneKTpoM. 06pa3yeM nocjieflOBa- 
TejibHOCTb Dk , k = 1,2,... rjiaBHbix yrjioBbix mhhopob 6ecKOHeHHOH MaT- 
pHn,bi (ojj) CKajiapHbix npoH3Be,a,eHHH aij = aj+j-i,i = (— A.Vi, Vj), i,j G 
{1,2,...}. HMeeM < aij ^ 2 J+:,+1 |c| 2 , OTKy,qa no cpopMyjie ^jih o6i>eMOB 



X 



l 

dim(g/t) 



(WO- 



Oh coot- 



20 



napajijiejiennneflOB cjiepyerr ^ D{ ^ a^Di-i ^ 2 2i+1 |c| 2 -Dj_i ^ E^D^i 
(Eq — hhcjio, He 3aBHCHmee OT A). 06paTHO, Ka>K,a,MH CHMMeTpnnecKHH 
onepaTop A Ha g, yapBjieTBopHioiHHH CHCTeMe HecTpornx nojiHHOMHajibHbix 

HepaBeHCTB C CpHKCHpOBaHHMM E > : 

Di(A) > E i+1 D i+1 (A) > 0, i = 1,2, ... , 

yflOBjieTBopaeT CTporHM HepaBeHCTBaM Di(A) > 0, i = 1, . . . , dim(V), ot- 
Ky,n;a no TeopeMe CnjibBecTpa (—A.v, v) > pjw Bcex v G V \ 0; TaKoft 
onepaTop ^4 6yaeT cpHjibrpyioiHHM, hto ,a,OKa3MBaeT yTBepjKfleHHe. □ 

OTMeTHM, HTO npH KOMnaKTHOM OflHOCBH3HOM G/H MHOJKeCTBO 5+ 

BnojiHe onpeflejieHO npe,a,M,n,yiHHMH HepaBeHCTBaMH h ypaBHeHHHMH At) = 0, 
trace(A) = 1, E = Eq (T.e. ycjioBHe HeoTpHHaTejibHOCTH cneKTpa pjw A 

CTaHOBHTCH CJieflCTBHeM) . 

KOMnaKTHOe npOCTpaHCTBO W ~ BbipOiKfleHHblX CpHJIbTpaiJHH. 

cpHjibrpyiomHH onepaTop A G 3+ Ha3MBaeTCH BbipojKfleHHbiM othoch- 
TejibHO co6cTBeHHofl noflajire6pbi t) < q, ecjin 

t) < F = kev(A) < g. 

OnKcnpyeM KOMnaKTHyro rpynny A aBTOMopcpH3MOB ajire6pbi g, coxpaHH- 
K>myio IjhQ(b |Bo| BCTpenaioTCH, HanpHMep, rpynna Ad(H) h ee TopajibHoe 
pacniHpeHHe) . 

06o3HaHHM nepe3 W npocTpaHCTBO Bcex .A-HHBapHaHTHbix cpHjibipyioiHHX 
onepaTopoB A G BbipojKfleHHbix OTHOCHTejibHO no,n,ajire6pbi t). 

OneBHflHO, W Hacjie^yeT y 3+ CBoftcTBa KOMnaKTHOCTH h nojiyajire6paHH- 

HOCTH. 

JleMMa 4.2. fldpo t C g Kawcdozo onepamopa A G W neAnemcn A-uneapu- 
awmHou nodajize6pou, 3aKAWueHH0u cmpozo MeMcdy g u t), m.e. t) < £ < g. 

B [BoJ no/;po6HO H3ynaeTCH KOMnaKTHoe TonojiorHHecKoe npocTpaHCTBO 
W^, (nojiyajire6paHHecKH) roMeoMopcpHoe npocTpaHCTBy W. (IlpocTpaHCTBO 
W E jiejKHT Ha ccpepe {A : At) = 0, trace(-A) = 0, trace(yl 2 ) = 1}. Mm 6y- 
fleM nojib3OBaTb0H HeccpepHHecKoft MO,a,ejibio W 3Toro npocTpaHCTBa; ccpepn- 
necKaa MOflejib nojiynaeTca H3 Hee npocTMMH apncpMeTHHecKHMH fleftcTBH- 
hmh). 

Cjieflya [BoJ onpeflejiHM pa36neHHe KOMnaKTa W Ha noflMHOJKecTBa X*[£] 
onepaTopoB c cpHKCHpoBaHHMM appoM Fq = t. 3aMMKaHHe KajK^oro H3 3thx 
no/;MHOJKecTB BbipajKaeTCH cpopMyjioli X[fi] = {A G W : At = 0}. Oho otojk- 
flecTBjiaeTCH c onpeflejieHHMM b |Bo| §5.4] KOMnaKTHMM 3Be3,a,HMM nojiyaji- 
re6paHHeCKHM MHOJKeCTBOM X s (t) C W^. 

Tpy6aa 3CKH3Haa Bepcna npocTpaHCTBa W^. Ha30BeM rpy6oft 3CKH3- 
Hoit Bepcneit npocTpaHCTBa (KOMnaKTHoe) TonojiorHHecKoe npocTpaH- 
ctbo Bcex (A, t) )-HHBapHaHTHMX HeoTpHH,aTejibHbix CHMMeTpHHecKHX one- 
paTopoB A co cjieflOM 1 Ha g, ya,OBjieTBopjnoiHHX ycjioBHHM AX = 0, 
Aad(X) = ad(X)^4 pjw Bcex X G t) h HeKOToporo X G g, X £ t). 



21 



Tpy6aH 3CKH3Haa Bepcua W draft TonojiornnecKoro npocTpaHCTBa 
npeflCTaBjiaeT co6oii oGte^HHeHiie 3aMKHyTbix KjieTOK (roMeoMopcpHbix ina- 
paM), TaKoe, hto HenycToe nepeceneHHe KjieTOK HBjiaeTca KjieTKoii h KajK^aa 
KjieTKa D, co6cTBeHHO co^epjKamaHCH b KjieTKe D\, jiejKHT Ha rpaHHHHoii 
ccpepe inapa D\ (Boo6me roBopa, rpaHHHHaa ccpepa HE noxptiTa TaKHMH 

KJieTKaMH D). KjieTKH 0,TH03HaHHO COOTBeTCTByiOT (A, f))-HHBapiiaHTHBIM 

no/i,ajire6paM t, f) < t < Q, h o6o3HanaioTC5i nepe3 D[f]; hx mojkho 3a/;aTb 
paBeHCTBaMH 

D[C] = {^4 G W draft :At = 0, [A, ad(t)] = 0}. (4.1) 

IlpocTpaHCTBO W draft jiejKHT Ha rpaHHHHoft ccpepe HOBoro niapa D[f)], T.e., 
CTporo roBopa, BbinyKjioro KOMnaKTa, onpeflejiaeMoro KaK MHOJKecTBO Bcex 

CHMMeTpHHeCKHX JIHHeHHblX OnepaTOpOB CO CJieflOM 1 H HeOTpHH,aTejIBHBIMH 

co6cTBeHHBiMH 3HaneHH5iMH, aHHyjrapyioiHHX yi-HHBapHaHTHyio noflajire6py 
f) < Q h nepecTaHOBOHHbix c A h ad(f)). B cpopMyjie fljia D[t] mojkho 3aMeHHTB 

Wdraft Ha D[fj], f) ^ 0. 

IlpOCTpaHCTBO W ~ BJIOJKeHO B CBOK) rpy6yK) 3CKH3HyiO BepCHIO TaK, 

hto nepeceneHHe W c KaxflpA KjieTKoft D[t] BbipajKaeTCH cpopMyjioft 

D[C] n W = X[t] := {A G W : At = 0} (4.2) 

IloflMHOJKecTBO X[t] HBjiHeTCH 3Be3flHbiM, KOMnaKTHbiM h nojiyajire6paHHec- 
khm. D,eHTp 3Be3flbi X[t] ~ X s (6) MOJKeT paccMaTpHBaTbcsi KaK ueHTp ruapa 

D[l] H HaXOflHTCH B TOHKe 

A = x*- (4.3) 
3Be3,n;a co,a,ep}KHT CTaHflapTHbift eBKjra,n;oB niap {A G D[t] : \A — | ^ 
3dim(g/t) }• ^™ CB °H CTBa 6yayT noHCHeHbi b cjie^ryiomeM nyHKTe. 

CoBceM flpyraa Bepcna npocTpaHCTBa paccMaTpHBaeTCH b 3aMena- 

HHH. 

3aMeiaHHe 4.3 (cm. [BWZJ, §3). IIoctpohm BWZ-o6ojioHKy E noflMHo- 
jKecTBa W b rpaHHHHolt ccpepe S ruapa D[f)]. <I?HKCHpyeM nocjieflOBaTejibHOCTb 
Bem;ecTBeHHbix nnceji = < a± < b\ < . . . < a^-i < fofc-i = 1/n = 

dim(G/H) T^y 10 ) HTO BCHKHH pa3 2dj < 6j. Ha30BeM HHTepBajI [dj, bi\, i = 

1, . . . , k — 1 nycTbiM, ecjiH oh He co,z;ep}KHT co6cTBeHHbix nnceji onepaTopa 
A, a noTOMy F ai = F2 ai - Iipn flocTaTOHHo 6ojibuioM k pjw BCHKoro A G 
S cymecTByeT xoth 6bi o^hh nycToii HHTepBaji [cij, bj\. IIojiojkhm A G E, 
ecjiH fljia Ka»:/;oro nycToro HHTepBajia [aj,6j] no/;npocTpaHCTBO F ai C 
HBJineTcsi no^ajireGpoH, T.e. \F ai ^F a , 

■] C F 2ai . riosTOMy W C E C S. IIpH A = 
Ad(H), cii — = 5/n > TonojiorHHecKoe npocTpaHCTBO E roMeoMopcpHO 
o6o3HaneHHOMy b |BWZ] nepe3 |J Wj" {tsm = 1 — nbk-i-i)- 

KOHCTpyKIl,HH AJIH CpHJII>TpyiOLLl,HX OnepaTOpOB H 3Be3flHOCTI> X[fi]. 

3Be3flHOCTb X[t] := D[t]nJ+ HyjKflaeTCH b noacHeHHH. IlpejKfle Bcero, BBe^eM 
eBKjiHflOBy HopMy \A\ = y / trace(^4 2 ) h 3aMeTHM, hto npn t ^ t) > h D[t] / 
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{x e } noflMHOJKecTBO f2 = {A G D[t] : |^4 — x 1 



i 



=}) r^e = dim(0/fi), 



k\ /s 



KOMnaKTa D[t] aBjraeTca eBKjiHflOBoft ccpepoft. 

^jia cpnjibTpyiomHX onepaTopoB ^4 G J + B03MOJKHa cjie,n,yiomaH koh- 
CTpyKrnia. 

JleMMa 4.4. SI C 3+ u d/wi Kaotcdoso 4 £ fi cymecmeyem hucao tj±~^\ 
maKoe, umo 



TIosmoMy X[t] 3ee3dno u codepwcum eeKAudoe map, ospaHUHeHHUU afiepoil 



JJoKa3ameAbcmeo. IlycTb A G a A = (Ai, . . . , A&) — Ha6op co6cTBeHHbix 
3HaHeHHlt cy»ceHHH A^- 1 -. HMeeM k > 1, h6o £1^0. YGeflHMca, hto Aj — 
2Aj ^ npn i ^ j. Tor^a onepaTop A 6ya,eT (pHjibTpyiomHM b cnjiy ycjioBiift 
At = ii [A, ad(£)] = 0. JXna onpeflejieHHocTH iiojiojkhm i = l,j = k h 

paCCMOTpHM /c-MepHBIH BeKTOp 



nepecTaHOBKaMH Koop/uiHaT, Haxo/uiM Aj — 2Aj ^ ^jih Bcex i 7^ j. OTcro^a 
^4 G 5+. OcTajiocb Bocnojib30BaTca cjie/ryioiruiM oneBHflHbiM cbohctbom: 

(*) ecjiH npHMaa jihhhh L coe/uiHHeT pa3jiHHHbie KOMMyTHpyiomne one- 
paTopti A', A" G A' A" = A" A', to L n $ + ecTb 0Tpe30K. 

3HaHHT, {t : + i(A — x f ) G 5+} ~~ OTpe30K, coflepjKaruHft Oil. 3to 
/i,OKa3biBaeT (14. 4p . □ 

r,a,e Hcnojib3yeTC5i nojiyajireGpaHHHOCTB. CBolicTBa nojiyajire6paHH- 

HOCTH (n.a.) H KOMIiaKTHOCTH MOJKHO npOBepHTb flJIH pa3JIHHHBIX no/i,- 

MHOJKecTB npocTpaHCTBa CHMMeTpuHecKHX jiHHeltHbix onepaTopoB, KOTOpbie 
BCTpenaroTCH 3^ecb h ^ajiee. HanpHMep, fljia aHajiornHHbix 'rnapoB' D[f)] h 
D[t] 3th CBolicTBa cpa3y cjie^yioT H3 onpeflejieHHH. KoMnaKTHbiM n.a. mho- 

JKeCTBOM SBJiaeTCH TaKJKe o6b.eflHHeHHe Wdraft = UfKt^M = P r l{(AAT) £ 

D[fj] x ( /fj) : |X| = 1, AX = 0, Aad(X) = ad(X) A}. 3to cjie^yeT hs T eo- 
peMbi TapcKoro-CelifleH6epra, rjiacameft, hto npoeKiriiH l p xl' ! Ha nepBbift 
coMHOJKHTejib nepeBOflHT nojiyajire6paHHecKne noflMHOJKecTBa b nojiyajire- 
6paiiHecKHe . ITojiyajire6paHHHOCTb W a X[t] cpa3y cjieflyeT H3 nojiyajire6pa- 

HHHOCTH H T.fl. 

IIomhmo 3thx npoBepoK, nojiyajire6paHHecKaa reoMeTpna cymecTBeHHO 
Hcnojib3yeTca b flOKa3aTejibCTBax flByx cjieflyioiinix npocTbix jieMM. 
06o3HaHHM nepe3 d(u,v) eBKjiHflOBo paccTOHHne Hal". 




(4.4) 



n. 
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JleMMa 4.5 (o ct-OKpecTHOCTn) . IJycmb X u T C X — nenycmue kom- 
nanmHue n.a. nodMHowcecmea e M. N . IIpednoAooKUM, umo 3am bchkozo 
5 > cymecmeyem nenpepuenoe n.a. omo6paMceHue f : X x [0, 1] — > X, 
(x,t) i— > ft(x), ydoejiemeopfiminee ycjioeuHM 

ft(x) = x npu x £ T , t £ [0, 1] u npu x £ X, t = 0; 

d(f t (x),T) ^ 5 npux G X, t = 1. 

Tozda T neAfiemcR n.a. cmpozuM dediopMat^uoHHUM pempaKmoM X. 

floKasamejibcmeo. Ho H3BecTHOH o6inen TeopeMe nojiyajireGpannecKOH reo- 
MeTpiiH, cymecTByeT n.a. roMeoMopcpH3M KOHenHoro CHMnjiHirnajibHoro kom- 
njiexca \K\ Ha X TaKoit, hto T ecTb oGtejiiiHeHHe cHMiuieKcoB |aj Th. 9.2.1]. 
IlosTOMy T mojkho paccMaTpHBaTB KaK CTpornft jxecpopMaiinoHHbin peTpaKT 
CBoeft KOMnaKTHoft peryjiapHoft OKpecTHOCTH U bo btopom GapniieHTpHne- 
ckom noflpa3flejieHHH KOMnjiexca \K\. 06o3HannM n.a. CTporyio jxecpopMa- 
niioHHyio peTpaKirnio U Ha T nepe3 G(x,t), x £ U,t £ [0,1]. Ilpn ,n;ocTa- 
tohho MajioM 5 oKpecTHocTB U coflepjKHT Us = {x £ X : d(x,T) ^ 5}. 
(Cp. TaKJKe /;oKa3aTejibCTBO [a, Prop. 9.4.4].) HoaTOMy cymecTByeT cpymt- 
nna F : X x [0,1] ^ X BH,na 



cDyHKiiiia F(x, t) HenpepbiBHa h nojiyajire6paHHHa, h6o h to, h flpyroe 
cnpaBefljiHBO pjw ee cy*ceHHH Ha 3aMKHyTbie no/iMHOJKecTBa {t ^ 1/2} n 
{t ^ 1/2} b X X [0, 1]. CjieflOBaTejibHO, onpe/xejiaeT n.a. CTporyio ixecpop- 



IlycTb X = D[t] hjih X[£], S — rpaHHHHaa ccpepa niapa D = D[£], Y C 
5 Pi X — 3aMKHyToe nojiyajire6pannecKoe no/iMHOJKecTBO (HanpnMep, Y = 
S n X[{?] = U[>t^[fl) H T — o6b.eflHHeHHe OTpe3KOB, coe/iHHHioiiiHX neHTp 
uiapa c TOHKaMH y G Y. B oco6bix cjiynaax, Korjja Y" = hjih D cbojihtch 
k Tonxe, onpeflejiHM T KaK Hemp niapa D. 

JleMMa 4.6 (o peTpaKijim). IJpu amux yc/ioeunx monoAozuuecKoe npo- 
cmpancmeo T HSAHemcn cmpozuM dediopMav^uoHHUM pempanmoM npo- 
cmpancmea X (decf>opM,a'u t UH — noAyaAze6pauuecKasi) . 

AHajiornnHoe yTBepjKixeHHe cm. b |Bo[ TeopeMa 5.39]. 

JleMMa ocTaeTca cnpaBefljiHBon /yis jiK)6oro KOMnaKTHoro 3Be3/iHoro n.a. 
noflMHOJKecTBa X niapa D. JJpKaaceM jieMMy. Hcnojib3y5i BbinyKjiocTb D, 
npejj,CTaBHM KajK/iyio TOHKy x G D b BHj^e rw, r £ [0,1], a; G S, r^e 
fljia y/i,o6cTBa u;eHTp niapa D n 3Be3Jj,bi X noMemeH b TOHKe 0. Ha rpaHnn- 
hoh ccpepe S cymecTByeT HenpepbiBHaa nojiyajireGpannecKaH (cm. [aj Prop. 
2.2.8]) cpyHKii,HH s(co) = min(l, <5 _1 d(6t;, Y)). flflz KajKfloro t £ [0,1] nycTb 
ft(ru>) = (1 — s{<jj)t)ruj. Tor^a ft(X) C X b cnjiy 3bc3ji;hocth X. OneBHflHO, 




ecjin ^ t < 1/2; 
1), ecjin 1/2 < t < 1. 



Mau;HOHHyio peTpaKiinio X Ha T. JleMMa flOKa3aHa. 



□ 
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npn t = 1 fljia Ka»:/;oro x = ruj E X cymecTByeT a € Y TaKoft, hto 

d(/i(rw),r) < d(/i(ro;), (1 - s(w))ra) = (1 - s(u))s(u)5r < ~£ 
OcTajioct Bocnojib30BaTta npe,abi,n,yineft jieMMoft 14,51 

§ 5. Teopemh o petpake;h5IX. Babohkh 

/J^onycTHMMH nojiH3,z],p /DC/. KaJKflOMy y6biBaioineMy cpjiary <p = 
(fo, . . . , f r ) no/i,ajire6p KOMnaKTHoft ajire6pbi JIh q TaKOMy, hto q > fj > fi+i, 
MOJKHO COnOCTaBHTB eBKJIHflOBy BbinyKjiyro o6ojioHKy 

/ip/ := Convex hull {x'* : i = 0, . . . , r} 

Ha6opa jiHHeftHbix CHMMeTpnnecKHX onepaTopoB i = 0, . . . , r. On& 6ya,eT 
r-MepHbiM CHMnjieKCOM, nocKOJibKy pa3HOCTH ~ X^ +1 nonapHO opToro- 
HajibHbi. 

Tenepb mojkho conocTaBHTb KajK^OMy KOHenHOMy MHOJKecTBy DC, 3jie- 
MeHTaMH KOToporo hbjihk)tch (A, f))-HHBapnaHTHbie no,a,ajire6pbi t, f) < t < 
g, KOMnaKTHbift (HeBbinyKjibiii) noiiroflp /DC/, coflepjKainnftcH b W ~ W^. 
Jlw 3Toro ynopH/;oHHM DC no BKjnoneHHio no/;ajire6p n o6o3HannM (k&k 
o6mhho) nepe3 A (DC) MHOJKecTBO Bnojme ynopflfloneHHbix noflMHoacecTB <p 
H3 DC, T.e. cpjiaroB no,a;ajire6p H3 DC. YTBepjKflaeTCH, hto 

/<p/nW = /<pmi>/, \/p,iP£A(x) (5.1) 

(cm. |Bo[ npeflJioJKeHne 6.4] hjih mime, cpopMyjiy (15. 2ft ). (fljiH npoBepKH 
mojkho npeflCTaBHTb KajKflbiii CHMMeTpnnecKnft onepaTop c HeoTpnuaTejib- 
hmm cneKTpoM (Ai^...^A n ), r,a,e A n =0, b BH,a,e cyMMbi A = Ya=i(^ ~ 
Aj_|_i)(l B — 1f x . ). OneBHflHo, sto npeflCTaBjieHne 0flH03HanH0.) IloflMHo- 
jKecTBa <p E A (DC) mojkho paccMaTpnBaTb KaK cnMnjieKCbi a6cTpaKTHoro 
CHMnjinn,HajibHoro KOMnjieKca, o6o3HanaeMoro CHOBa nepe3 A (DC). Tor^a, b 
cnjiy (|5.ip . 

npnMOAUHeuHue cuMruieKcu /<p/ , <p € A (DC), o6pa3yK>m 
zeoMempuuecKyK) peaJiu3av,UK> nopjidnoeozo KOMnjieKca 
A(DC), T.e. KOMnaKTHbift nojinsflp /DC/ := U^eA(3C) /V/- 

JlerKO npoBepnTb, hto nojinsflp /DC/ coflepacnTCH b HeccpepnnecKoft Mo^ejin 
W npocTpaHCTBa W^, T.e. Bee ero tohkh - sto cpnjibrpyioinHe HeoTpnua- 
TejibHbie CHMMeTpnnecKne (A, f))-HHBapnaHTHbie jiHHeftHbie onepaTopbi co 
cjieflOM 1 Ha ajire6pe Jin g, BbipoJKfleHHbie OTHOCHTejibHO no,a,ajire6pbi f). 

IlojiH3/i,p /DC/ Ha3biBaeTCH flonycTHMHM, ecjin KOHenHoe MHOJKecTBO DCU 
(g) HBjiaeTCH BepxHeii nojiypemeTKOH no,a,ajire6p, T.e. BMecTe c jhoGbimh 
no/i,ajire6paMH t n [ coflepjKHT n HaHMeHbniyro coflepacamyio nx noflajire6py 
f = sup(«,l). 
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IlepBaH TeopeMa o peTpaKuim. PeTpaKUHH Ha flonycTHMbiii nojin- 
3,a,p. IlycTi. % 3 g - KOHeHHaa BepxHHH nojiypenieTKa (A, f))-HHBapnaHTHbix 
no/i,ajire6p i, f) < t ^ g, h nycTb X# :=% \ (g). 

TeopeMa 5.1. /lonycmuMuil no/iuadp /%* / HeJinemca, cmpozuM deajop- 
MdVfUOHHUM pempaKmoM KOMnanmnozo monojiozuuecKozo npocmpancmea 

X[K] :=Ueac# x M- 

TeopeMa HBJiaeTCH ecTecTBeHHbiM o6o6ineHneM |Bo| TeopeMa 6.10]. Cjie- 
flyioinaH TeopeMa HBjiaeTCH ee rpy6ofi 3ckh3hoh Bepcneft: 

TeopeMa 5.2. JJonycmuMuu nojiuadp /%* / ReJinemcsi cmpozuM decfiop- 
Mau,uoHnuM pempaKmoM KOMnanmnozo monojiozuuecKozo npocmpancmea 

06e TeopeMbi cnpaBeflJiHBbi b nojiyajire6panHecKoii KaTeropnn. ^ajiee np- 
iibo,htitc5i cxeMa ,n,OKa3aTejibCTBa, KOTopoe HBjiaeTCH npocTO hoboh peR&Kuji- 
eft flOKa3aTejibCTBa |Bo| TeopeMa 6.10] (npn 3aMeTHbix BHenmnx otjihhiihx). 

,U,jih flOKa3aTejibCTBa K.BeM Hcnojib30Baji noKpbiTne npocTpaHCTBa X[3C] 

KOMnaKTHBIMH nO^MHOJKeCTBaMH, npOMeJKyTOHHBIMH MeJKfly CHMIIJieKC aMH 

/if/ ', <p £ A(%#) h HjieHaMH X[t] ncxo/nroro noKpbiTHH. Oh HaMeTHji nojie3- 
Hyio ajire6po-TonojiorHHecKyio KOHCTpyKiniio, HaitflH nepeceneHHH HeKOTO- 

pblX H3 HHX. Mbl o6be/I,HHHM 3TH o6beKTbI H CHMnjieKCbl no/; o6lu,hm Ha3Ba- 

HHeM 6a6oneK a nojiojKHM b ocHOBy H3 jioJKeHHH . OKOHHaTejibHaa ajire6paii- 
necKaa cbopMyjia .zyis nepeceneHHH 6a6oneK, OTcyTCTByiomaH y BeMa, npn- 
bo/;htch HHJKe. 

OnncaHne 6a6oHeK. Ba6onKii hbjihiotch KOMnaKTHbiMH nojiyajire6pan- 
necKHMH noflMHO JKecTB aMH cooTBeTCTBeHHO TonojiorHHecKoro npocTpaHCTBa 
W ~ ii ero rpy6oft 3ckh3hoh BepciiH W draft . 

1) Ba6oHKa 1 Bii^a onpe^ejiaeTCH paBeHCTBOM B[f] = X[f] iijiii, coot- 
BeTCTBeHHO , B[f] = D[f], /yra KajKfloli (A, f))-HHBapnaHTHoli noflajire6pbi f, 
f) < f < g; KpoMe Toro, B[g] := 0. 

Boo6me, 6a6oHKii conocTaBjiaioTCfl <pjiaraM f = (f i , ■ ■ ■ , fr) (A,t))- 
HHBapiiaHTHbix noflajire6p ajire6pbi g, rfle g ^ fj > fj+i > t), r ^ 1. Cjiynan 
r = 1 y»ce paccMOTpeH. 

2) npii r > 1, g E (p 6a6oHKa onpe^ejiaeTCH KaK r — 2-MepHbin npHMOJiii- 
HeiiHbili ciiMnjieKc /ip \ g/ = Convex hull {x^ : i = 2, . . . , r}. 

3) Elpii r > 1, g ^ cp 6a6oHKa onpeflejiaeTca KaK o6befliiHeHiie Bcex oTpe3- 
kob eBKjiiiflOBa npocTpaHCTBa c jieBbiM kohiiom b TonKe 6a6onKH B[fi] n npa- 
bmm kohuom b TonKe r — 2-MepHoro CHMnjieKca /(p\fi/ = Convex hulljx^ : 
i = 2, . . . ,r}. YTBepjKflaeTca, hto 9th OTpe3KH MoryT nepeceKaTbca TOJibKO 
Ha KOHii,ax, T.e. BbinojiHHeTCH cjieflyiomaa jieMMa: 

JleMMa 5.3. Ba6ouKa 3-zo euda nejinemcfi dotcounoM X * Y deyx 6a6oueK 
1-zo u 2-zo eudoe X = B[fi] u Y = /ip \ fx/. 

Ba6onKa cpjiara ip o6o3HaHaeTCH nepe3 B[tp] = X[<p] hjih T>[<p] cooTBeTCTBeH- 
ho, b 3aBHCHMOCTH ot BepcHH. Hcnojib3yH jieMMy [5^3| HaxoflHM, hto b rpy6oft 
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3ckh3hoh Bepciin KajK^aH 6a6oHKa D[(£>] roMeoMopcpHa r-\-k— 1-MepHOMy nia- 
py, me k = dimDffi] ^ -1. 

AjireGpannecKaH (popMy-^a R^si nepeceneHHH GaGoneK. KaK mojkho 
/;oKa3aTb, 



nepeceneHne 6a6oHeK B[(/?i] h B^] aBjiaeTCH CHOBa 6a6oHKoft B[(/?] hckoto- 
poro cpjiara 99 = P1P2, PAR KOToporo 6ya,eT HanncaHa cpopMyjia. Upa stom 
99 — HaHMeHbinaa o6maa BepxHHH rpaHb cpJiaroB ^j, i = 1,2 OTHOCHTejib- 
ho HecTasyi,apTHoro OTHOineHHH nacTUHHoro nopajj,Ka Ha MHoacecTBe cpjiaroB 
: -0 > V 9 ) ecjiH cym,ecTByeT nocjieflOBaTejibHOCTb cpjiaroB ip = p\ , . . . , p^ = 99 
Taxaa, hto HanGojibiniie no,n;ajire6pbi max(^j) o6pa3yioT HeB03pacTaK>myio 
nocjieflOBaTejibHOCTb, max(y?j) ^ max(^ + i), ^jihhbi coce,n,HHX cpjiaroB pa3- 
jiHHaioTCH Ha ±1, \i((fi) — l(pi+\)\ = 1, h fljia KaJKfloro i < k hjih (fi+\ C (fi, 
max(( / 9j) > max((£>j + i), hjih 99^+1 D <pi, max(^) = max(^j + i). C 99 
nnnieTCH, ecjiH KajK^aa nojj,ajire6pa H3 nocjieflOBaTejibHOCTH ip bxojo;ht b no- 
cjieflOBaTejibHOCTb p.) 

Kopone roBopa, ip ^ p, ecjiH h tojibko ecjiH BbinojiHHioTCfl cjie/jyiomHe 
ycjiOBHH: 

max(-0) ^ max(y); H3 [ G -0, [ ^ 99 cjiejjyeT [ > max(y). 

IIpe/i,JiojKeHHe 5.4. TlepeceneHue ah)6ux 6a6oueK B[p\ u B[ip] cnoea nejin- 
emcsi 6a6ouKou. HMenno B[p] fi B[i/)] = B[99-0], zde (p,ip) >— > pip — c/iedy- 
mw,afi KOMnosui^un enoAne ynopndoueHHUx nodMHOMcecme peiueniKU ecex 
A-UHeapuaumHux nodajize6p: 

pip := (ip n cp) U {f G cp : f > max0} U {f G ip : f > max 99} U {sup((/J U ip)}; 

Pi u U — meopemuKO-MHOMcecmeeHHue onepav l uu o6seduHenun u nepecene- 
huh. 

HanpHMep, o flByx 6a6oHKax 1-ro BH,n,a yTBepjKflaeTCH, hto B[f] (~l B[l] = 
B[sup(f,Q], cp. gl|) h flO). 

fioKaaamejibcmeo. H3 ip ^ p Jierxo cjiejjyeT B[0] C B[y], 3HaHHT, B [991 992] C 
B[(/9j], i = 1,2. IlycTb Tenept 991 7^ P2, p% 7^ (0). ^OKanceM BKjnoneHHe 
B[<pi] Pi B[y?2] C B[(^i<^2] HHflyKu^eft no A = ^(yi) +^(^2), rjj,e £(93) — jj,jiHHa 
Ka>KJj,oro cpjiara p. BHanajie paccMOTpHM cjieflyromne cjiynan: 

1) A = 2, T.e. £(pi) = i(p2) = 1: Tor;a;a yTBepjKfleHHe jierxo cbojj,htch k 
onpeflejieHHio 6a6oneK 1-ro BHfla; 

2) £(^ 2 ) = 1, £(<pi) > I, P2 = (f), min(</?i) ^ f: Tor^a 99^2 = Pi, T.e. 
^ ^2) H yTBep>KJj,eHHe oneBHflHo; aHajiorHHHbift cjiynaft, rjj,e 931 -H- 992; 

3) l(pi) > 1, £(992) > 1, f := min(99i) = min(99 2 ): Torjj,a 99^ = (ipi,f), i = 
1,2, oTKya;a 991992 = (ip\ip2, f); 6a6oHKH B[0j], i = 1, 2 jieacaT Ha rpaHHHHofi 
ccpepe S[f] niapa D[f] (S[f] /0b cnjiy Vi / V2), a TOHKy x f G D* [f] = D[f] \S[f] 
mojkho npHHHTB 3a u;eHTp 3Toro niapa, cp. (14. 3j) . noaTOMy H3 HHJj,yKTHBHoro 



BNnBM =B[99!99 2 ] 




27 



npe/;nojiojKeHHH cjie/iyeT: 

B[^i] n B[<p 2 ] = (B[rpi] * x f ) n (B[^ 2 ] * X f ) = B[V>iV>2] * X f = B^iH- 
(3flecb B * a — KOHyc c BepinnHOH a h ocHOBaHneM B, i no onpeflejieHHio 
B[fl] * = = X^) B ocTajibHbix cjiynaax ,a,jis KajKjjpro A G B[y?i] n 
B[<^2] c tohhoctbio jj,o nepecTaHOBKH (pi n if2 cymecTByeT nojj,cpJiar tp G (p%, 
ip > ifi, TaKoii, hto A G B [?/>]. Tor/ia ^(VO < ^(^l) H no npejjjiojiojKeHHio 
HHjjyKnnn ^4 G B[*0<£>2] C B[<^i</?2]- n 

IlpaBHJio nepeceneHHH 6a6oneK X[</?] n X[^] 6bijio nojiyneHO K.BeMOM npn 
HeKOToptix orpaHHHeHHHX Ha cpJiarn f H ip- Cm. [Bo, §5.4] h |Bo| npefljio- 
>KeHHe 6.4] (6a6oHKH 1 h 2 bh,h,ob) h |Bo| jieMMa 6.9] (6a6onKn 3 BH#a). 

CxeMa /],OKa3aTejii>CTBa nepBofi TeopeMbi. HaMeTHM jj;oKa3aTejibCTBo 
aHajiorHHHbix TeopeM r5.1l H 15.21 Mbi xothm ,a,OKa3aTb cymecTBOBaHHe nocjie- 
/;oBaTejibHOCTH n.a. CTpornx jj,e(popMaHHOHHbix peTpaKnnii (rjj;e n.a. yKa3bi- 
BaeT Ha nojiyajire6pannecKyio KaTeropnio): 

p (s) . X ( s -!) -55^ XW, a = 1, . . . , m 

c X(°) = BpC] h X( m ) = /DC # /. nycTb h(l) = dim(t) = dim(g) - |x*|" 2 
fljis KaJKfloli nojiajire6pbi t G 3C BMecTO 3Toro mojkho cpHKcnpoBaTb jno6yio 
CTporo B03pacTaromyK) cpyHKnnio h : % — >• {1,2,...}, T.e. Taxyro, hto H3 
f < I cjie^yeT h(f) < h(V). npoflOJiJKHM MOHOTOHHyro cpyHKirnio h c % Ha 
A(3C), nojiaraa h{ip) := ft(max(^)), fljia KajK^oro cpjiara ip G A(3C) (sto 
flaeT ^ /i(V') n P H 93 < ^) h nojiojKHM no onpe/j,ejieHHio 

X« = |J BM, S G{0,1,...}. 

V eA(3C):fe( V )>s 

Tor/ia = BpC], a npn m = /i(g) — 1 BbinojiHaeTCH 

X( m )=/X*/ := J B M- 

99 G A (DC) : max(</?) = g 

3aMeTHM, hto 6a6oHKH B[<£>] a Tor/ia, b cnjiy kohghhocth A(3C), hx oGt,- 
eflHHeHHH h nepeceneHHH, hbjihiotch KOMnaKTHbiMH n.a. MHOJKecTBaMH. H3 
cpopMyjibi nepeceneHHH 6a6oneK cjie/jyeT, hto fljia KaJKfloro cpjiara tp G A(3C) 

BbinOJIHHeTCH 

%]:=B[p]nJfW= (J B[# 

ij}eA(X):i>>ip,h(il>)>h((p) 

YTBepjKflaeTCH, hto 6a6onKa B[(/?] KajK^oro cpjiara 99 CTHrnBaeTCH no ce6e 
Ha CBoe 'Tejibue' T[(p] (T.e. Tejibn;e aBjiaeTCH ee n.a. cTpornM jj,ecpopMan;H- 

OHHblM peTpaKTOM). JJjia. (pJiara 99 = (f) JJ,JIHHbI 1 3TO, C TOHHOCTbK) flfl 

o6o3HaneHHH, yTBepjKfleHHe Hainen npejKHeft jieMMbi 14.61 o peTpaKunn. 06- 
mHH cjiynan mojkho jierKO CBecTH k 3TOMy nacTHOMy. B pe3yjibraTe 6a6onKa 

s cTHHyTa Ha CBoe nepeceneHne c X^ s \ Pa3BHBaa 
3to paccyxcfleHHe, mojkho nojiynnTb ncKOMyio peTpaKH,nio X^ s_1 ^ Ha X^ s \ 
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Tohkh npHHafljiejKaT KOHeHHOMy Ha6opy 
eBKjiHflOBbix ccpep c u,eHTpoM (CojiHne) h 
h(t) = dim(t) yBejiHHHBaeTCH BMecTe c pa,a,H- 
ycoM ccpepti. Ba6oHKH 1-ro BH^a jiejKaT Ha 

COOTBeTCTByiOIHHX KacaTejIBHBIX njIOCKOCTHX, 

Tax hto Bca BcejieHHaa noMemaeTCH b niape 
pa/niycoM 1 h oGteflHHeHHe 6a6oneK 1-ro bh- 
fla c h > s cqzjepjKHTCH b uiapoBOM KOJitue. 

PHC. 2. «BcejieHHaa KonepHHKa» (k cpHjitTpauHH X( s )) 

BMecTO 3Toro mojkho HenocpeflCTBeHHO npHMeHHTt k nape npocTpaHCTB 
Haruy jieMMv l4~5l o (5-OKpecTHOCTH. OTo6pajKeHne / : X^ s ^ x 
[0,1] — > X^ 1 ), ynpBjieTBopjnomee ycjioBHHM jieMMbi, mojkho nocTpoHTt 
flocTaTOHHO hbho, h fla»ce He tojibko b cjiynae KOHeHHoli, ho h b cjiynae 
KOMnanmHou nojiypeuieTKH %. 

nocTpoe HH e / : X^ 1 ) x [0, 1] -> X^ 1 ) h OKOHHaHHe flOKa3aTejii>CTBa. 

06o3HaHHM nepe3 7^ ecTecTBeHHyio (opToroHajibHyK)) npoeKHHio KajK^oft 
6a6oHKH B[(p] Ha noflCTHjiaioiHHH CHMnjiexc B[(p U (g)] C B[(p]. A HMemro, 
nycTb tp = (fx > . . . > f r ) — cpjiar noflajire6p ajihhbi r ^ 1. Ilpn fi = g 
nojiojKHM 7^3 = id. Ilpn fi 7^ g KajKfltm 3jieMeHT x £ B[ip] flonycKaeT e/niH- 
CTBeHHoe npeflCTaBjieHHe 

r r 
x = X 1 z + Y J ^iX U ; zEBlfx}; Aj ^ 0, ^ A; = 1 

i=2 1=1 

r 

h ^tp(x) = ^JA^K Tenepb 3a<pHKcnpyeM dpyHKHiiio cr : X^ -1 ) — > [0,1], 
i=l 

yHOBjieTBopjnomyio ycjiOBHK) <r(x) = fljis KajK^oro x £ X( s \ Tor^a mojkho 
onpeflejiHTb OTo6pa>KeHHe : B[</?] — > B[c/?] paBeHCTBOM 

ft,<p{x) = (1 - o"(x)t)x + t7(a?)i7 ¥ ,(ac). Vx £ B[y?]. (5.3) 

y TBepjKaeTCH , hto fljia KajK^oro t £ [0, 1] cymecTByeT (pa3pbiBHoe) oto6- 
pajKeHHe 

/t= (J : X^^X^\ 

ip £ A(0C) : h(ip) ^ s 

h npHTOM fla>Ke b cjiynae 6ecKOHeHHolt %. J\rsi npoBepKH Ha/1,0 jihhib y6e- 
flHTbca b tom, hto TOHKa 7 </3 (x) He 3aBHCHT ot cpjiara ip npn (j{x) 7^ 0, T.e. 
npn x £ X^ 1 ) \X( S ). 

^jih KajKfloro x £ X(°) o6o3HaHHM nepe3 HanGojibLUHH cpjiar tp £ 
A(3C), yflOBjieTBoparoiHHH ycjioBHio x £ B[^]. Mbi nojit3yeMCH HecTaHflapT- 
HbiM OTHonieHHeM nopaflKa Ha MHOJKecTBe cpJiaroB, onpeflejieHHbiM Bbiine. 
CymecTBOBaHHe ip x cjie/ryeT H3 CBoftcTBa o6pbiBa B03pacTaioiHHX H,enoHeK 
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fljia H.y. MHOJKecTBa A (IK). Ilo cpopMyjie nepeceneHHH 6a6oneK, Bf^] hb- 
jiaeTCH HaHMeHtnieft 6a6oHKOH B [</?], (p G A(3C), co^ep^Kameii cc. BBe,a,eM 

0603HaHeHHH 

7(«) = 7^. (a) 1 K x ) = H^x) = max{k : x G X (fc+1) }. 

H3 ycjioBnii ifj x ^ (p m h(ip x ) = h{ip) = s cjie^yeT ip x C ip (r.e. Ka>K,n,aH 
no/i,ajire6pa cpjiara ip x co,a,ep}KHTCH b cpjiare ip) h fi = max(y) = max^), 
a 3to BjieneT 7^(2;) = 7(2;). IlosTOMy 

h(x) = s ==> 7^(2:) = 7(2;), V<£, x G B [</?], = s. (5.4) 

(DopMyjia (15. 4p ,n,OKa3biBaeT cymecTBOBaHHe OTo6pajKeHHH ft : X^ s ~^ — > 
(anpnopH He nojiyajire6paHHecKoro h pa3pbiBHoro). Ilpn stom /o : 
j^( s -!) _^ X^^ 1 ^ h cy>KeHHe /t Ha 1^, i G [0,1] 6ynyT To>KflecTBeHHbiMH 

OTo6paJKeHHHMH. 

IlepeHfleM k onpeflejieHHro cpyHKHHH cr(x), x G X^ s ~ ^. 3a,n,a,HHM ee pa- 

BeHCTBOM: 

<t(x) := min(l, d d(x, Z)). (5.5) 

06o3HaHeHHH, HcnojiB30BaHHBie b onpeflejieHHH H5 . 5 [) : x = (27,7(2:)) h Z - 
MHOJKecTBO Bcex nap (x',y'), rp*d x' G X^ s \ y' = Ju>(x') pflsi HeKOToporo 
cpjiara ip G A(3C) TaKoro, hto /t(<£>) G {s,s + 1,...}, x G B[y]; paccroHHHe 
MeJK^y napaMH (x,y) h (x',y') onpeflejiaeTCH KaK MaKCHMyM eBKjiHflOBbix 
paccTOHHHlt d(x,x') h d(y,y'), r.e. 

d({x, y), (x', y')) = max(d(x, x'), d(y, y')), 

a paccTOHHHe ot x = (x, 7(2;)) flo MHOJKecTB a Z onpeflejiaeTCH ecTecTBeHHbiM 
o6pa30M. 

IlpH x G X( s ' (r.e. npn /i(x) > s) HMeeM x G Z, h Tor/;a cr(x) = 0. 
Tenept mojkho 3anncaTb /yis /( OKOHHaTejibHyio cpopMyjiy: 

f t (x) = (l-a{x)t)x + a(x)t-f{x), Vi£l M (t € [0, 1]). (5.6) 

IloKajKeM, hto npn t = 1 cpyHKHHH g = fi yflOBjieTBopaeT ycjic-BHio 

d(g(x),X^) < S, Viel' 8 - 1 '. (5.7) 

Bocnojib3yeMca TeM, hto paccTOHHHe Xayc^opcpa MejK^y OTpe3KaMH eBKjin- 
flOBa npocTpaHCTBa ya,OBjieTBopHeT HepaBeHCTBy 

d H ([x,y], [x',y']) ^ max(d(x,x'),d(y,y')). 

(B ccpepHHecKoft reoMeTpHH PnMaHa bto, OHeBHHHO, He Bcer^a Tax, nosTOMy 
npn pa6oTe co ccpepHHecKoft MOflejibio BeMa HaM nc>Ha,n,o6HjiHCb 6bi flonojiHH- 
TejibHbie coo6pajKeHHa!) Ho onpe,a,ejieHHio, g(x) jiejKHT Ha OTpe3Ke [x, 7(2;)]. 
C flpyroft CTopoHbi, ecjin x' G X^ a x' G B[ip], to h OTpe30K [x', Jtp(x')] 
coflepjKHTCH b X( s \ Cjie^oBaTejibHO, HMeeM 

a(x) < 1 =>■ d(g{x),X^ s) ) < Z) < 5, 
a( x ) = 1 g(x) = 7 (x) G Z (m) C X^ . 
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fljia 3aBepuieHHH ,a,OKa3aTejibCTBa TeopeM 15.11 h 15.21 ocTajiocb npoBepnTb 
HenpepbiBHOCTb n nojiyajire6pannHOCTb OTo6pajKeHHH (15. 6ft h Bocnojib30- 
BaTbca jieMMofi 14.51 o 5-oKpecTHocTH (npn X = T = X^). Ecjih 

(icaic jierxo y6e,n;HTbCfl) 3th CBoftcTBa BbinojiHJiioTca fljia cysceHHH (15. 6ft Ha 
Ka»c/;oe noflnpocTpaHCTBO B[(/?] x [0, 1], fljis KajK^oro cpjiara </? G A (IK), to b 

CHJiy KOHeHHOCTH % OHH BbinOJIHHIOTCH II flJIH (15. 6ft . 

Bojiee Toro, cnpaBefljiiiBO cjie,nyioinee o6o6meHne. 

IIpeflJiojKeHHe 5.5. Ilycmb (fiuKcupoeaHHaa panee noAypeweniKa % 3 g 
Henomopux nodame6p ajize6pu JIu g npedcmaensiem co6oil KOMnaKmnoe, ho 
menepb ne o6mamcAbHO KoneuHoe, n.a. nodMHOotcecmeo (hcc6R3hozo) zpac- 
CMaHuana eeKmopnux nodnpocmpaHcme npocmpaHcmea g, a cmpozo eo3pa- 
cmawwfiA qiyHKUusi h : % — > {1,2,...} — nenpepuena, nanpuMep, h{t) = 
dim(t). OnpedeAUM npocmpancmea X^ uepe3 % u h, nan euuie. Tozda 

1) ece X( s \ s = 0, . . . , m, manotce cymb KOMnanmnue n.a. Muootcecmea; 

2) paeencmeo (|5.6p onpedeAnem nenpepuenoe n.a. omo6paMcenue 
f : X^ 3 ^ x [0, 1] -)• X( s ~ 1 \ Ojim Kawcdozo s G {1, . . . , m}; 

3) KaMcdoe X^ s \ s G {1, . . . , m} sieAHemcn n.a. cmpozuM detfiopMayu- 
ohhum pempanmoM npocmpancmea X^ s ^\ 

/[oKa3ameAbcmeo npedAowcenuH. 1) Ilo ycjioBiiio, A(3C) co/;epjKiiTCH b 

HecBH3HOM MHoroo6pa3HH cpjiaroB F = Ur>oUdim( fl )>fci>...>fe r .- F fci,-,fer(fl) 11 
HBjiaeTCH KOMnaKTHbiM n.a. noflMHOJKecTBOM. PaccMOTpiiM Tenepb mhojkb- 
CTBa nap 

Y = {(x, <p):<p€ A{X),x G B[<p]}}, y (s) = {(x, if) G Y : h((p) >s + l}, 
r^e s = l,...,m. Tor^a X^ = pY^ s \ rp*d p(x,ip) = x. MaminyjinpyH 

eCTeCTBeHHBIMH BeKTOpHblMH paCJIOeHHHMH Hclfl Ffa ... fc r (fl), HeTpyflHO flOKa- 

3aTb KOMnaKTHOCTb n nojiyajire6pannHOCTb y = UU^fci — k r - (B X-Bepcnn 
fljia 3Toro ncnojib3yeTCH TaKJKe Hania ocHOBHaa jieMMa |4~T1 o KOMnaKTHOCTH 
n nojiyajire6pannHOCTH mho JKecTB a 5+ cpnjibrpyioiniix HeoTpnuaTejibHbix 
CHMMeTpnnecKHX onepaTopoB co cjieflOM 1 Ha g.) /Jajiee, Y( s ' ecTb oGb-efln- 
HeHHe cBH3Hbix KOMnoHeHT npocTpaHCTBa Y. Cjie^oBaTejibHo, Y^ s \ a Tor^a, 
no TeopeMe TapcKoro-Cen,a,eH6epra, n X^ = pY^ s \ onHTb KOMnaKTHbi n 
no Jiy ajire6pannHbi . 

2) IlpoBepHM BTopoe yTBepjKfleHne. Ilpeacfle Bcero, paccMOTpnM 7^ : 
B[ip] —> B[(pU(o)]. HanoMHHM, hto bto no onpe^ejieHHio opToroHajibHaa npo- 
eKii,HH , n 7 </3 (x) — 3to 6jiHJKanuiaH k x G B[(p] TOHKa CHMnjieKca B[(p U (g)]. 
CjieflOBaTejibHO, (x, ip) G y( s_1 ) 1— >• 7«(x) HBjiHeTCH HenpepbiBHbiM n.a. oto6- 
pajKeHneM. Tor^aZ = {(x, 7 ^(x)) : G y^ 1 ), x G HBJiaeTCH n.a. 

MHOJKeCTBOM (h6o TaKOBbI y( s_1 ) II X^^ 1 ^) H 

:= min(l, 5~ l d((x, 7^(ic)), Z)) 
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HenpepbiBHofi n.a. cpyHKHneii apryMeHTa (x,<p) G Y^ -1 ) (cp. [a, Prop. 
2.2.8])). B CHjiy (15. 4p n (15. 5 p BbinojiHaeTCH p* a = ? h cymecTByeT KOMMyTa- 
THBHaa ^HarpaMMa: 

y^ 1 ) x [o, i] 

q = p X id 

X^- 1 ) x [0, 1] 

r,n,e BepxHHH n hhjkhhh ropiraoHTajitHtie CTpejiKii / h / onpe^ejiHioTCH 
cooTBeTCTBeHHO H3 fj5 . 3 [) ii (|5.6p . npnneM / HBjiaeTCH HenpepbiBHbiM n.a. 
OTo6pa>KeHiieM KOMnaKTHbix npocTpaHCTB. Tenepb 113 KOMMyTaTiiBHolt flna- 
rpaMMbi HaxofliiM, mo hhjkhhh CTpejiKa / tojkb HenpepbiBHa. KpoMe to- 
ro, rpacpiiK OTo6pajKeHiiH / HBjiaeTCH npoeKirnen rpacpiiKa OTo6pajKeHHH 
/, T.e., {(a, /(a))} = {(qb,f(qb))} = {(qb,pf(b))}. Eto TeopeMe Tapcicoro- 
CeitfleH6epra / HMeeT n.a. rpacpmc. 3HannT, / HBjiaeTCH HenpepbiBHbiM 
nojiyajire6pannecKHM OTo6pajKeHneM. 

3) CyxceHne / Ha X( s -V x U x [0, 1] 6y fl e T TOJKfleCTBeHHbIM OTo6- 

pajKeHneM, n6o a\X^ = 0. CoraacHo (|5.7p rjis Bcex x G X( s_1 ) HMeeM 
d(f(x,l),X^) < 5. Tor/i,a TpeTbe yTBepjK/remie cjie/ryeT H3 jieMMbi [4.51 o 
5-OKpecTHOCTH. IlpefljioJKeHHe flOKa3aHO. □ 

§ 6. IlPOCTPAHCTBO X £ H ErO PETPAKTbl 

6.1. BTopaa Teopeivia o peTpaKLi,HH. IloHHTHe 6a6onKn no,ocKa3ajio 6o- 
jiee CHjibHbiii BapnaHT ^pyron TeopeMbi K.BeMa o peTpaKiinn (cm. |Bol Teo- 
peMa 5.48, cjieflCTBne 5.49]) n no3BOJinjio TpHBnajiH30BaTb ee ,apKa3aTejib- 
ctbo. CcpopMyjinpyeM ecTecTBeHHoe o6o6ineHne btoh TeopeMbi, b kotopom 
Hcnojib3yioTC5i KOMnaKTHbie o6b.e^HHeHH5i 6a6oneK n CTaH^apTHoe noHHTne 
nopa,ziKOBoro n/reajia. 

06o3HannM nepe3 3 Bepxmoio nojiypemeTKy Bcex {A, f) )-HHBapnaHTHbin 
no/i,ajire6p t, f) < t ^ g. nopaflKOBbiM H,neajiOM b 3 Ha3biBaeTCH jno6oe nofl- 
MHOJKecTBO S, yn,OBjieTBopjnoiiiee ycjioBHio: H3 [ ^ j, [ £ 3, j G 3 cjie^yeT 
I G 3- ITopHflKOBbifl nfleaji 3 b 3, g ^ 3, SyzreM Ha3biBaTb flonycTHMHM, 
ecjiH 3 h ero flonojmeHne 3 \ 3 SyzryT KOMnaKTHbiMn nojiyajire6paHnecKHMH 

nOflMHOJKeCTBaMH (HeCBH3HOro) MHOrOo6pa3HH BeKTOpHblX no/;npocTpaHCTB 

ajire6pbi g. (HanpnMep, t.h. TopajibHbie no,a,ajire6pbi j paccMaTpnBae- 
Moft KOMnaKTHolt ajire6pbi J1h g, T.e. noflajire6pbi j G J c KOMMy TaHTaMH , 
jiejKamiiMH b f), ^ f), o6pa3yioT flonycTHMbift nopaflKOBbin n^eaji npn 

€>HKcnpyeM flonycTHMbin nopa/iKOBbiH H^eaji 3 b 3, a nojioJKHM 

= A(J) \ A(a) : p \ (max(</>)) C 3}, 
JJ : = {y G A(J) \ A(0) : p \ (g) C 3} = W G I : g G ^}. 



F ( s -i) 
x^ 
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ITycTb Bp] := UfeJ ^[f], ■ • •; B[JJ] := LLej Bfv 7 ]- Mojkho noKa3aTb, hto KaJKfloe 
H3 MHOJKecTB Bp], B[0], Bp\0], B[I], B[JJ] HBjiaeTCH nojiyajireGpannecKHM n 

KOMIiaKTHMM . 

TeopeMa 6.1. TonojiozuuecKoe npocmpaHcmeo Bp\0] = UfgAg^tfl HeM ' 
emcn cmpozuM decfiopMai^uoHHUM pempanmoM donoAHenuM B[I] \ B [ JJ] . 

TeopeMa cpopMynnpoBaHa cpa3y n ,n,jia rpy6oit n fljia tohkoh Bepcnii (T.e. 
B = D hjih X) h cnpaBefljiHBa TaK>Ke b nojiyajire6pannecKOH KaTeropnn. 

IIohchhm ee reoMeTpuHecKHH cmbicji. IIo,n,npocTpaHCTBa B[J] hB[3\ 0] He 
nepeceKaioTCH. IlepBoe H3 hhx HBjiaeTCH o6 r be/i,HHeHHeM npHMOJinHeifflbix 
CHMiuieKCOB B[(p] = /cp \ g/, rpp ip G J. ,U,onojiHeHHe bthx ppyx no/;npo- 
CTpaHCTB b B[II] HeMHoro HanoMHHaeT jiHHenHyio KOHrpysHnnio, nocKOjib- 
Ky B[I] \ (B[J]UBp\0]) - 3to o6b.eflHHeHne nonapHO HenepeceKaiomnxcH 
HHTepBajioB eBKjiHflOBa npocTpaHCTBa, coe,n,HHHioinHX tohkh no/nrpocTpaH- 
CTBa B [J] c TOHKaMH no^npocTpaHCTBa Bp \ 0] (no HeKOTopoMy npaBHjiy) . 
HHTepBajibi mojkho o^HOBpeMeHHO CTHHyTb b nx kohum, npnHaflJiejKainne 
no/urpocTpaHCTBy Bp \ 0] . 3to flaeT CTporyio ^ecpopMannoHHyio peTpaKnnio 
B[I]\B[J] naBp\0]. 

^eTajiH3HpyeM bto onncaHne, a noTOM /;oKajKeM TeopeMy 16.11 CorjiacHO 
jieMMe 15.31 pjw Ka>K/;oro cpjiara cp G I cymecTByeT ecTecTBeHHoe BjioJKeHne 
i = Ltp : B[(p] CY * X 6a6oHKH B[(p] b ,h,}kohh TonojiornnecKnx npocTpaHCTB 
X = Bp\0] h Y = B[J]. fljia KajK^oro yl G B[(^] nycTb = (Aj., K, A 2 ), 
r^e Ai G Y, k 6 [0, 1], ,4 2 G X. Tor^a A = j(A 1 ,k,A 2 ) = (1 - + k^ 2 - 

IIpefljiojKeHHe 6.2. TIodMHOMcecmeo Z = Uipei '-(BM) dwcouna Y * X = 
B[JJ]*Bp \ 0] 3adaemcH cjiedymmeu cucmeMou ypaeneHuu (*) om,HocumeAt>HO 
Ai£Y uA 2 £X : 

A X A 2 = A 2 A X = AiA 2; zde \ x = max| V | =1 Q(V, A{V); 

A\\V, A 2 V] = Xi[V, A 2 V], dnn KaMcdozo eeKmopa V G g. 

Tozda Z KOMnanmno. Omo6pa,MceHue j : Y * X 3 (A\, k, A 2 ) \— >■ A = (1 — 
k)Ai + kA 2 onpede/isiem zoMeoMop(fiu3M Z na B[I] = |J^ e jB[(/?]. 

(B X-BepcHH BTopaa no,a,CHCTeMa ypaBHeHnn cjie^yeT H3 nepBon.) 

fioKaaamejibcmeo. ^OKajKeM, hto Z onpe^ejiaeTCH cncTeMoit (*). CHanajia 
npeo6pa3yeM ee. 3to, CTporo roBopa, cucTeMa oflHopoflHbix ypaBHeHHft ot- 

HOCHTejIBHO (1 — k)A\ H kA 2 , KOTOpaH npH K = H K = 1 CTaHOBHTCH 

TpiiBiiajiBHoli . (pHKcnpyeM k G]0, 1[. Ilo jiio6oMy Ai G B[J] o/;H03HaHHO boc- 
CTaHaBjiHBaeTCH cpjiar no/;ajire6p ^ = (g > ji > . . . > j r ), jj G 0, r ^ 1, 
TaKoft, hto = ^ SjX^, ^ Sj = 1, Si > fljia Bcex i (T.e. npHHa/yiejKHT 
6a6oHKe 2 BH^a B[^], CHMnjieiccy, h npHTOM BHyTpeHHOCTH CHMnjiexca). ^a- 
jiee, no A 2 G Bp \ 0] ct P ohtch t = {76g: Q(V, A 2 V) = Q{V, [V , A 2 V'\) = 
0, VV G q}. H3 (14. ip n (14. 2p jierxo cjie^yeT, hto t — 3to Han6ojibniaH H3 
noflajire6p f < g TaKnx, hto A 2 G B[f] (oTcro^a t G J \ 0). CncTeMa (*) fljia 

(j4i, K, j4 2 ) 3KBHBajieHTHa yCJIOBHK) t > ji. 
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IlycTb (A±,K, A2) = i>tp(A) G Z fljia HeKOToporo cpjiara ip = (fo > fi > 
• • • > fm) G I- Tor/;a ^2 G B[fo] h fo ^ I. KpoMe Toro, B[tp] 6yn;eT rpaHbio 
CHMnjieKca B[g > fi > ... > f m ] 3 A±, h ji ^ fi. CjieflOBaTejibHO, ji < t. 
06paTHO, nycTb £ > ji. Tor,a,a cymecTByeT cpjiar ipo = (t > ji > . . . > j r ) £ I; 

HCHO, HTO A G B[y?o] H (^l,^,^) = Vo (^) ^ 

/],OKajKeM ocTajibHbie yTBep>KfleHHH. OneBH,a,HO, (1 — k)Xi HBJiaeTca He- 
npepbiBHoft n.a. cpyHKHiieii onepaTopa (1 — k)Ai (sto ero HanGojibinee co6ct- 
BeHHoe 3HaneHHe). IloaTOMy CHCTeMa (*) HenpeptiBHa. Tor,n,a Z KOMnaKTHO b 
CHjiy KOMnaKTHOCTH X n Y. IIpoBepHM o6paTHMOCTB j\z- JXjih Jiro6bix cpjia- 
tob (p, if) G I H3 ip ^ (p cjie^yeT = l^Ism- Tor,n;a no (popMyjie (|5.2p fljia 
nepeceneHHH 6a6oneK t Vl |b[^i] nB[^ 2 ] = Vi¥>2> 11 cymecTByeT OTo6paJKeHiie i = 

Ui^Gl V ■ ~~ ^ ^' nOSTOMy j\z o6paTHMO H HBJIHeTCH rOMeOMOp(pH3MOM 

Ha B[I]. □ 



IlpefljiojKeHiie |6]2] coxpaHHeT cmbicji b n.a. KaTeropnn. Oho Taitsce no3BO- 
jiHeT BBecTH ecTecTBeHHyio HenpepbiBHyio n.a. cpyHKinno k : B[I] — > [0, 1] 
Taicyio, hto B[J] = {^4 : k(A) = 0} h B[J \ 0] = {A : k(^4) = 1}. OTCio^a one- 
bh^hbim o6pa30M nojiynaeTCH peTpaKniiH TeopeMbi 16.11 KpoMe Toro, BBinoji- 
HHeTCH cjieflyiomee: 

IIpeflJiojKeHHe 6.3. Ilycmb < e < 1, a hucao L ozpamiuueaem ceepxy 
d/iUHU (pAazoe U3 A(0). Tozda d/in motcdozo onepamopa A G B[I], ydoeAe- 
•meopammezo ycAoeuto 

k(A) < e L 

cyinecmeymm $Aaz nodaAze6p p = (f(l) > . . . > f (m)) G A(0) (Bauhu 
m > 0) u onepamop B G B [f (1)] manue, umo eeKAudoeo paccmoHHue om B 
do x^ 1 ^ MCHbiue e, \B — x^\ < s u A codepMcumcsi e eunyKAoil o6oAOHKe 
(J na6opa onepamopoe {B,x^ s \^ ^ s ^ m \- (Hcho, umo G — cumtiackc.) 

K flOKaaaTejiBCTBy npeajioaceHHg [6731 

/[oKa3ameAbcmeo. IlycTb A G B[y?] fljia HeKOToporo cpjiara ip = (fo > • • • > 
fr— l) G I. Ecjih k(^4) = 0, to A co^epjKHTCH b CHMnjieKce, HaTHHyTOM Ha Bee 
x'', i £ {1, . . . , r — 1} h npefljiojKefflie BbinojiHHeTCH. IlycTb < k(A) < e L . 
Tor^a fo 7^ (nHane k = 0) h r > 1 (nHane k = 1). Mbi MOJKeM BBe- 
cth nocjieflOBaTejibHOCTb nnceji < ao ^ ai ^ • • • ^ o-r-i = 1 h nocjie- 
flOBaTejibHOCTb CHMMeTpnnecKHX onepaTopoB Bi G B[fj], i = 0, ...,r — 1, 



31 



Bi = a" 1 (oqBq + Sj=i( a j ~~ a j-i) X^) > ^epe3 KOTopbie onepaTop A bh- 
pajKaeTca cpa3y r cnoco6aMH: A = c^Bi + X^J=t+i( a j — a j-i) X^ > * = 
0, ... ,r — 1. Hcnojib3yH opToroHajibHocTb Ha6opa {So — X , X ~ X +1 > 
j ' ^ 0} h CTporoe HepaBeHCTBO |2?o ~~ X^l < 1) nojiynaeM \B{ — x^'\ 2 = 

ar 2 |a (5 - x h ) + E}=o a i (x fj - X fj+1 )| < (aj-iM) 2 (flJia KajK^oro i), 
OTKy/ia 

r-1 

| ^ - X U \ < K(A) = Oo/Or-i. 

i=l 

Ilo3TOMy l-Bj — < e L /( r-1 ) ^ g xoth 6m fljia o/jHoro i 6 {1, . . . ,r — 1}. □ 

6.2. no,n,xo/],Hm,ee pacmnpeHHe npocTpaHCTBa HeTopajitHtix Ha- 
npaBJieHHH. Ylepe&peM k onpe/j,ejieHHHM h BbiBO/iaM, ocHOBaHHBiM Ha Teo- 
peMax [STT] 15.21 h [BTTI IlycTb [q,q] ^ f)- Tor/ia, KaK yace OTMenajiocb, to- 
pajiBHBie no/iajire6pbi j G 3 o6pa3yioT jjpnycTHMbift nopH/jKOBbift H/j,eaji d- B 

COOTBeTCTBHH C |Bo| ■ MBI 6yn,eM Ha3BIBaTB 

Bp\a]= |J B[fl 

f&\3 

npocTpaHCTBOM HeTopajitHMx HanpaBJieHHH. KaK Bbinie, B = D hjih X 
(onpe^ejieHHe |Boj othochtch tojibko k cjiynaio B = X). 

06paTHMCH k onpeflejieHHio pacnrapeHHoro npocTpaHCTBa HeTopajibHbix 
HanpaBJieHHH Xg, KOTopoe mojkho HcnojiB30BaTB BMecTO BBe/j,eHHoro b |Bo[ 
TeopeMa 5.48]. PacmnpeHHoe npocTpaHCTBO, ,z;onycKaioinee CTporyio flecpop- 
m aHHOHHy k> peTpaKH,HK> CHanajia Ha Bp \ 0], a 3aTeM Ha nojiro/xp /%*/ , nr- 
paeT b pa6oTe K.BeMa BajKHyro pojib (KaK bh/iho H3 /j,oKa3aTejibCTBa oc- 
hobhoh TeopeMbi b [Boj §8]). OpHrHHajiBHoe nocTpoeHHe pacnmpeHHa h ero 
peTpaKH,HH Ha npocTpaHCTBO TopajibHbix HanpaBJieHHH Bp \ d] npoBojj,HTca 
no HH/xyKHHH h HecKOjibKO 3anyTaHO. B fleftcTBHTejibHOCTH, KaK bh/jho H3 
/j,OKa3aTejibCTBa TeopeMbi 16. 1| pacmnpeHHe c HyjKHbiMH CBoncTBaMH (onn- 
caHHMMH b |Bo| cjie^CTBHe 5.49]) h peTpaKinno mojkho nojiynnTb 3a o/jhh 
niar. 

Ilo TeopeMe 16. 1| TonojiornnecKoe npocTpaHCTBO 

b[i]\b[j] = |JbM\ (J b[ v ] 

co/j,epjKHT KOMnaKTHoe no/j,npocTpaHCTBO Xg, CTJirnBaeMoe no ce6e Ha 

Bp\ 3}- Ilpe/J,nOJIOJKHM, HTO B[I] \ Xg CO/J,ep}KHTCH B flOCTaTOHHO MajIOH OK- 

pecTHOCTH KOMnaKTHoro no/jnpocTpaHCTBa B[JJ] ; SToro 3aBe/j,OMO mojkho pp- 
6nTbca. Tor/ia Xg yzKmneTBopaeT ycjioBHHM H3 [Bo, cjie/xeTBHe 5.49]. Ilo 

3TOH npHHHHe Xe MOJKHO HCnOJIb30BaTb BMeCTO paCHIHpeHHH , BBe/j,eHHoro 

b [Bo, TeopeMa 5.48]. Ha30BeM TaKoe no/jnpocTpaHCTBO Xe noflxoflflmHM 
pacuiHpeHHeM npocTpaHCTBa HeTopajitHtix HanpaBJieHHH. 
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H3 npeflbiflyni,ero npemioateHHg l6~3l cjieiiyeT. hto npn KaxflOM floCTaTO hho 
MajioM e > noflxo/;Hiii,HM pacnmpeHHeM 6ya,eT 

I £ ={i£ B[I] : k(A) ^ e L }. (6.1) 

CjieflCTBHe 6.4. @v,KcupyeM e G]0, 1[. IIocmpoeHHoe X £ KOMnaKmno, no- 
AyaAze6pawH.no u npocmpancmeo nemopajibHux Hanpaejienuu X = B [J \ 3} 
neAHemcH ezo n.a. cmpozuM deaiopMat^uoHHUM pempaKinoM. 3Hauum, X £ 
ydoe/iemeopfiem ycAoeusiM, nepeuucAeuHUM e |Bo| TeopeMa 5.48]. 

JJ^ASl KCLMcdoZO A £ W o6o3H(lHUM Hepe3 LfA Hau6oAbiuuu U3 (pAazoe 
ip £ A (J), A £ B [(p\. Oueeudno, ifA cyu^ecmeyem u B[c/?^] — HauMenbiuan 
6a6ouKa, codepwcavu.aH A. 

Ilycm-b Z = {^4 : ifA £ &-{3), m.e. (fA ~ cpAaz mopaAbuux noda,Aze6p}, 
Y £ — o6veduHenue cuMUAeKCoe G npedudyiu,ezo npedAOMcenun [6731 . Tozda 

W = X £ U Y £ U Z. (6.2) 

M3 (16. ip u (16. 2p eumeKaem, umo X £ nodxodfiui ) ee pacmupenue 
npocmpancmea nemopaAbnux HanpaeAenuu npu e ^ 2n(n-i) ' 8< ^ e n = 
dim(G/H). 

CjieflCTBHe 16.41 othochtch k tohkoh BepcHH, B = X. C ecTecTBeHHBiMH 
H3MeHeHHHMH oho BepHO h npn B = D; nepBoe yTBepjKfleHHe He MeHaeTca. 

floKasameAbcmeo. ^oxajKeM nocjie^Hee yTBepjKfleHHe. Ecjih e ^ 



2n(n-l) ' 

rpp n = dim(G/H), to flonojiHeHHe W \ X £ noKptiBaeTCH MHOJKecTBaMH Y 
h Z, onpe/i,ejieHHbiMH b |Bo| cjie^cTBHe 5.49] cpopMyjiaMH (5.50) h (5.51), 
nocKOJibKy Y D Y £ , a Z bxo/hit b (|6.2p . B stom cjiynae Xg H3 (|6.ip — no,n,- 

□ 



xo,nHiHee pacniHpeHHe npocTpaHCTBa HeTopajibHbix HanpaBjieHHH 
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IlepeHfleM k BepxHHM nojiypenieTKaM % C 3. Ilo onpe,a,ejieHHio, Ka>K/i,aH 
H3 3thx nojiypeuieTOK % BMecTe c jho6bimh noflajire6paMH t h [ co,a,ep}KHT h 
HaHMeHBHiyio coflepjKamyio hx noflajire6py f = sup(t, i). 

HeTopajibHaa noflajire6pa i, i £ J \ 3, Ha3BiBaeTCH MHHHMajibHbiM 3Jie- 
MeHTOM cpHjibTpa 3 \ 3, ecjiH 3 \ 3 He co/i,epjKHT HHKaKoft MeHbHieft noflaji- 
re6pbi, T.e. H3 j G 3, j < i cjie^yeT j £ 3 = {j £ 3 : [j, j] ^ f)}- 



06o3HaHHM nepe3 JC mm HaHMeHBHiyio BepxHioio nojiypenieTKy [_] B 3 \ 3 



coflepjKamyio h Bee MHHHMajiBHBie sjieMeHTBi H3 3 \ 3- Tor,a,a cnpaBefljiHBO 



^) HanoMHHM, ^ito b |Bo| nocTpoeHa flpyras MOflejib C £ TonojiorinecKoro npo- 
CTpaHCTBa W C S (cm. §[3j) . ITpn nepexo^e k E paflnyc e H3 npeajio?KeHHg [6731 3aMeHgeTCg 
Ha e 1 " ^ ejx^ 1 ' — X h | _1 ^ Ey/n{n — 1). CorjiacHO [Boj . noflxoflHT paflnyc e* ^ £g/h = 
o\ c g/h\, rfle cq/h = max min Q(vX, X) = — min max Q(vX, X) ^ . ~ 1 

i>££ XEj, pf 1 = 1 uSE XSB, \X 1 = 1 y'n(n-l) 

(cp. [13 §4.2, §5.4, §5.7]). Tor fl a e+ < < e G /H, ecjin e ^ ^=i) " 

Ka>Kflbiii MHHHMajiBHbiH sjienieHT [ 6 3 \ 3 coflepjKHTca b BepxHeK nojiypemeTKe 
£:={[£ 3 :[(,[] + [) = [}. 

OTMeTHM, MTO (eCJTH Mbl HCXOflHM H3 KOMnaKTHOrO pHMaHOBa OflHOpOflHOrO npocTpaHCTBa 

G/H), Ka>Kflaa no/],ajire6pa [ G L cooTBeTCTByeT KOMnaKTHOfi noflrpynne rpynnbi G. 
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paBeHCTBO 

B[J\3] = BpC min ] := \J B[C]. (6.3) 

PaccMOTpHM Tenept KOHeHHyio BepxHioio nojiypenieTKy % C J. Mm paHee 
o6o3HaHHjiH nepe3 /3C"y h Ha3Bajin flonycTHMHM nojiH3flp, cooTBeTCTBy- 
k>ihhh %# = {£ G % : t ^ 0}. 

H3 TeopeM T5 . 1 1 h 15 . 2l h paBeHCTBa fj6. 3[) BbiTeKaeT: 

Cjie^CTBHe 6.5. Ilycmb % - KOHeunasi eepxHnn nojiypememKa, 3aKAwneH- 
nan (ne o6H3ameAbHO cmpozo) MeMcdy % mm u noAypememKou 3\3 ecex 
(A,t))-uH6apuaHmHux HemopcuibHUX noda,Aze6p. Tozda noAuadp /%*/ ne- 
AnemcH cmpozuM decpopjuayuoHHUM pempaKmoM npocmpancmea X £ . 

CHMnjiHii,HajibHbiH KOMnjieKC A min := A((3C mm )*), CB33aHHbiH c G/H, 
h ero reoMeTpunecKaa peajiH3aHHH /(DC mm )*/ paccMaTpHBajincb b |Bo] , 
Otmcthm, hto ero BepniHHaM cooTBeTCTByioT ajire6paHHecKHe no/;ajire6- 
pti ajire6pbi g (cm. CHOCKy). IIpH stom, KaK noKa3aHO b |Bo| §7], KOHen- 
hoctb % iam cjie^yeT H3 npocToro flonojiHHTejibHoro ycjioBHH Ha rpynny A : 
Ad(T) C A C Aut(g, f)), r^e T - MaKCHMajibHtm Top rpynnbi Norm(j(ij). 

6.3. PeTpaKijHH Ha /3C*y. Cjiynafi KOMnaKTHoii nojiypeuieTKH %. 

IlycTb, KaK b npe jjio aceHHH I5"3| % C J — KOMnaKTHaa nojiyajireGpaHHecKaa, 
ho Tenepb yace He o6fl3aTejibHO KOHeHHaa, BepxHSH nojiypeuieTKa (A,fy)- 
HHBapnaHTHbix no,a,ajire6p t, I) < t ^ 0, npnneM % 3 g, h nycTb : = 
% \ (g). 06o3HaHHM CHOBa nepe3 /3C"y o6b.eflHHeHHe Bcex CHMnjieKCOB BH^a 

ftp/ := Convex hull {x : i = 1, ... ,r} C gl(g), 

r^e 99 = (fi > . . . > j>) — cpjiar noflajire6p H3 ajihhbi r ^ 1. Tor/;a 
/3C"y C 0t(0) 6yn;eT KOMnaKTHBiM nojiyajire6paHHecKHM no^MHOJKecTBOM b 
CHjiy npeflJioJKeHHH 15.51 

TeopeMa 6.6. KoMnanm /%&/ = U<pe A(3C#) /V/ MGJiHemca cmpozuM de- 
(fiopMayuoHHUM pempanmoM CAedytoui,ux KOMnanmoe: 
— B[3C] := Ute3C# ^[t], e o6m i eM cjiynae; 

X £ uX 1 = B[J \ a], npu [ 5 , 0] M ^ min C3CC3\3- 

3decb X £ = {A e B[I] : k(A) > e L }, oVw Kaotcdozo e e]0, 1[, a X x C A" e 
ecmb no onpedeAenuK) npocmpaHcmeo nemopaAbHux nanpaeAenuu. 

TeopeMa cpopMyjmpoBaHa cpa3y flJiH tohkoh h rpy6oft Bepcnft, T.e. coot- 
BeTCTBeHHO flJiH B = X h D, h cnpaBefljiHBa b nojiyajire6paHHecKOH KaTero- 

pHH. 

JJoKa3amejibcmeo. IIpejiJio>KeHHe [531 yTBepaciiaeT cymecTBOBaHHe nocjie,a,o- 
BaTeJIBHOCTH n.a. CTpornx /;e(popMaii,HOHHbix peTpaK- 

h,hh KOMnaKTHBix npocTpaHCTB, r/;e 
/;oKa3biBaeT nepBoe yTBepjKfleHHe TeopeMbi. 
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IlycTi. Tenepb nojiypenieTKa % 3aKjnoHeHa (bo3mojkho, He CTporo) Me>K,n,y 
nojiypenieTKaMH HeTopajibHbix no/;ajire6p % mm h J\J Tor,n,a BpC min ] = 
B[%] = B[3\3]- Ho 3to n.a. CTpornft /recpopMaiiHOHHbiH peTpaKT npocTpaH- 
CTBa (cjiencTBHe I6.4[) . h BTopoe yTBepjK/reHHe cjieflyeT H3 nepBoro. □ 

§ 7. flOBABHEHHE. O CEMEHCTBE TOPAJIbHBIX nOflAJirEBP 
B 3tom ^o6aBjieHHH /;oKa3aHO, hto TopajibHbie no,aajire6pbi o6pa3yic>T 

KOMnaKTHOe OTKpblTOe nOflMHOJKeCTBO MHO JKeCTB a 3 BCeX yl-HHBapHaHTHBIX 

no/i,ajire6p [ ajire6pbi J1h g, co6cTBeHHbiM o6pa30M co^epjKamnx yi-HHBa- 
pnaHTHyro no,n,ajire6py t, t < I ^ g. 

yTBep^^eHHe. IJycmb [g,g] (/L t, u nycmb 3 = {j £ 3 : C 6}, m.e. 
- nodMHOMcecmeo m.H. mopaAbnux nodajize6p omHOCumeJibHO t. Tozda 3 u 
3 \ 3 KOMnaKirmu. Ceepx mozo, t^yuKt^ufi I 6 J i— )■ dim([[, []) nenpepuena. 

fioKaaamejibcmeo. KajK^oft no,n,ajire6pe [ C g conocTaBHM paiiHOHajibHoe 
hhcjio ci([) € Q. JXna 3Toro cpHKcnpyeM BjiojKeHHe p : G C SO(N) (r^e G 
KOMnaKTHa) h hojiojkhm -F(X, X) = trace(d/3(A") 2 ), A" € g. IlycTb {Z{\ - 

jho6oh F-opTOHopMHpoBaHHbiH 6a3Hc b I, h C = — Ya=i ( a< ^( %i) 2 Torfla 
nocjieflOBaTejibHocTb nnceji ci([) = trace(C), . . . , c r ([) = trace(C| A r [),... 

3aBHCHT TOJIBKO OT [. HMeeM Cr{\) = C r (['), Tf\Q \' = [[, I] - KOMMyTaHT ajl- 

re6pbi [, T.e. ee HanGojibniaa nojiynpocTaa no,a,ajire6pa. 3HaHHT, c r (l) € Q. 
KpoMe Toro, dim(l') = max{r : c r (l) > 0}. IlycTb A - KOMnoHeHTa jiHHeftHOH 
cbh3hocth KOMnaKTHoro ajire6paHHecKoro MHOJKecTBa p-MepHbix no,a,ajire6p 
[,[>£. Tor/;a c r : A — > Q HBjiaeTCH HenpepbiBHoft h, cjie/rpBaTejibHO, nocro- 
hhhoh cpyHKH,HeH, r = 1,2,.... ^onojiHHH 6a3HC noflajire6pbi t' pp 6a3Hca 
no,najire6pbi [ G A, nojiynaeM c r ([) > c r (t') npn [' > {' h c r ([) = c r (t') npn 
[' = t'. Y>Ke npn r = 1 orcio/ia cjie^yeT nepBoe yTBepjK/reHHe. □ 

YTBepjKfleHHe 6bijio Hcnojib30BaHo b § § 16.21 h 16.31 KoMnaKTHocTb 3 \ 3 h 
3 Hcnojib3yeTCH TaKJKe b |Bo| flOKa3aTejibCTBo jieMMbi 5.42]. 
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